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THE VIRTUAL K-THEORY OF QUOT SCHEMES OF SURFACES
NOAH ARBESFELD, DREW JOHNSON, WOONAM LIM, DRAGOS OPREA,
AND RAHUL PANDHARIPANDE
Abstract. We study virtual invariants of Quot schemes parametrizing quotients of dimension
at most 1 of the trivial sheaf of rank N on nonsingular projective surfaces. We conjecture that
the generating series of virtual K-theoretic invariants are given by rational functions. We prove
rationality for several geometries including punctual quotients for all surfaces and dimension
1 quotients for surfaces X with pg > 0. We also show that the generating series of virtual
cobordism classes can be irrational.
Given a K-theory class on X of rank r, we associate natural series of virtual Segre and
Verlinde numbers. We show that the Segre and Verlinde series match in the following cases:
(i) Quot schemes of dimension 0 quotients,
(ii) Hilbert schemes of points and curves over surfaces with pg > 0,
(iii) Quot schemes of minimal elliptic surfaces for quotients supported on fiber classes.
Moreover, for punctual quotients of the trivial sheaf of rank N , we prove a new symmetry of the
Segre/Verlinde series exchanging r and N . The Segre/Verlinde statements have analogues for
punctual Quot schemes over curves.
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1. Introduction
1.1. Overview. While moduli spaces of sheaves on higher dimensional varieties rarely carry 2-term
perfect obstructions theories, moduli spaces of sheaves on varieties of dimension at most 3 often
have well-defined virtual fundamental classes. In many cases, the resulting virtual invariants have a
rich structure, reflecting the underlying geometry of the moduli spaces used in their definition. We
refer the reader to [PT3] for an introduction to sheaf counting methods in enumerative geometry.
Date: August, 2020.
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An example whose virtual geometry can be studied effectively is the Quot scheme of 1-dimensional
quotients over surfaces. If X is a nonsingular projective surface and β ∈ H2(X,Z) is an effective
curve class, we let QuotX(C
N , β, n) parametrize short exact sequences
(1) 0→ S → CN ⊗OX → Q→ 0 ,
where
rank Q = 0 , c1(Q) = β , χ(Q) = n .
By [MOP1], QuotX(C
N , β, n) carries a canonical 2-term perfect obstruction theory and a virtual
fundamental class of dimension
vdim = χ(S,Q) = Nn+ β2 .
The virtual fundamental class of Quot schemes over curves had been constructed previously in
[MO1]. Due to connections with Seiberg-Witten theory, the virtual fundamental class of Quot
schemes over surfaces with pg > 0 is typically more accessible, while the case pg = 0 is less
understood.
For the Quot schemes of 1-dimensional quotients over surfaces, the generating series of the
following invariants have been considered in [OP, L, JOP] respectively:
(i) virtual Euler characteristics,
(ii) virtual χy-genera,
(iii) descendent invariants.
Conjecturally, series (i) – (iii) are always given by rational functions. Rationality was shown for
arbitrary surfaces when β = 0, see [JOP, L, OP]. For non-zero curve classes, rationality was
confirmed for (i) and (ii) for all surfaces with pg > 0, see [L, OP]. Furthermore, series (i) and (iii)
were also proven to be rational for simply connected surfaces with pg = 0 when N = 1 in [JOP].
We refine here the techniques of [JOP, L, OP] to study the virtualK-theory of QuotX(C
N , β, n).
A central result is the rationality of natural series of virtual K-theoretic invariants for many
geometries. The methods also allow us to prove several new identities and symmetries satisfied by
the virtual Segre and Verlinde series. Along the way, we take up the series of cobordism classes,
and study the virtual structure sheaf for punctual quotients.
1.2. Seiberg-Witten invariants. Let X be a nonsingular projective surface. Curve classes β of
Seiberg-Witten length N were introduced in [L]. By definition, β ∈ H2(X,Z) is of Seiberg-Witten
length N if for all effective decompositions
β = β1 + . . .+ βN
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such that SW(βi) 6= 0 for all i, we have
βi · (KX − βi) = 0 for all i .
Here, SW(βi) ∈ H⋆(Pic(X)) = ∧⋆H1(X) denotes the Seiberg-Witten invariant of [DKO] con-
structed via the Hilbert scheme of curves Hilbβi(X) of class βi and the associated Abel-Jacobi
map
AJ : Hilbβi(X)→ Pic
βi(X).
When the condition βi · (KX − βi) = 0 is satisfied, the Hilbert scheme of curves admits a virtual
fundamental class of dimension zero whose length is
SW(βi) = deg [Hilbβi(X)]
vir ∈ Z .
As noted in [DKO, L], examples of curve classes of Seiberg-Witten length N , for all N , include:
(i) β = 0 for all surfaces,
(ii) arbitrary curve classes β for surfaces with pg > 0,
(iii) curve classes supported on fibers for relatively minimal elliptic surfaces.
1.3. K-theory. For a scheme S with a 2-term perfect obstruction theory, let OvirS denote the
virtual structure sheaf, see [BF, CFK, Lee]. Given a K-theory class V → S, write
χvir(S, V ) = χ(S, V ⊗OvirS ) .
For α ∈ K0(X), we define the tautological classes
α[n] = Rπ1∗(Q⊗ π
∗
2α) ∈ K
0(QuotX(C
N , β, n)) .
Here,
Q→ QuotX(C
N , β, n)×X
is the universal quotient, and π1, π2 are the two projections.
The Riemann-Roch numbers of exterior and symmetric powers of tautological sheaves over the
Hilbert schemes of points X [n] (with its usual geometry) were studied in [A, D, EGL, K, Sc, Z],
among others. Closed-form expressions are difficult to write down. By working with the virtual
class, we cover more general Quot scheme geometries and obtain answers that satisfy simpler
structural results. We first prove
Theorem 1. Fix integers k1, . . . , kℓ ≥ 0, and let α1, . . . , αℓ be K-theory classes on a nonsingular
projective surface X. If β ∈ H2(X,Z) is a curve class of Seiberg-Witten length N , the series
ZKX,N,β(α1, . . . , αℓ | k1, . . . , kℓ) =
∑
n∈Z
qnχvir
(
QuotX(C
N , β, n),∧k1α
[n]
1 ⊗ . . .⊗ ∧
kℓα
[n]
ℓ
)
is the Laurent expansion of a rational function in q.
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By taking α of negative rank, we also access the symmetric powers of the tautological sheaves
via the identities
∧ tα =
∑
k
tk ∧k α , St(α) =
∑
k
tk Symkα , ∧−t(−α) = St(α) .
Theorem 1 applies to all curve classes on surfaces with pg > 0. The case of surfaces with pg = 0
is more complicated, and our results are not as general. Nonetheless, when N = 1, we show
Theorem 2. For all nonsingular simply connected surfaces X with pg = 0 and all α ∈ K0(X),
the series
ZKX,1,β =
∑
n∈Z
qnχvir
(
QuotX(C
1, β, n), α[n]
)
is the Laurent expansion of a rational function in q.
Based on Theorems 1 and 2, we formulate the following
Conjecture 3. Let k1, . . . , kℓ ≥ 0 be integers, and let α1, . . . , αℓ be K-theory classes on a nonsin-
gular projective surface X. For every β ∈ H2(X,Z), the series
ZKX,N,β(α1, . . . , αℓ | k1, . . . , kℓ) =
∑
n∈Z
qnχvir
(
QuotX(C
N , β, n),∧k1α
[n]
1 ⊗ . . .⊗ ∧
kℓα
[n]
ℓ
)
is the Laurent expansion of a rational function in q.
Several other variations are possible. We can dualize some of the factors of the tensor product.
We could also consider twists by the virtual tangent bundle
Z˜KX,N,β(α1, . . . , αℓ | k1, . . . , kℓ) =
∑
n∈Z
qnχvir
(
QuotX(C
N , β, n),∧k1α
[n]
1 ⊗ . . .⊗ ∧
kℓα
[n]
ℓ ⊗ ∧yT
vir
)
.
These variations can be studied by the same methods, yielding rational functions in q, though we
do not explicitly record the answers.
It is natural to ask about the locations and orders of the poles of the K-theoretic generating
series. In case N = 1, we have a complete answer.
Theorem 4. If β ∈ H2(X,Z) is a curve class of Seiberg-Witten length N = 1, the shifted series
Z
K
X,1,β(α1, . . . , αℓ | k1, . . . , kℓ) = q
β·KX
∑
n∈Z
qnχvir
(
QuotX(C
1, β, n),∧k1α
[n]
1 ⊗ . . .⊗ ∧
kℓα
[n]
ℓ
)
is the Laurent expansion of a rational function with a pole only at q = 1 of order at most
2(k1 + . . .+ kℓ) .
We formulate the following non-virtual analogue of Theorem 4.
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Question 5. For integers k1, . . . , kℓ ≥ 0 and K-theory classes α1, . . . , αℓ, is the series
∞∑
n=0
qnχ
(
X [n],∧k1α
[n]
1 ⊗ . . .⊗ ∧
kℓα
[n]
ℓ
)
the Laurent expansion of a rational function in q?
Explicit calculations in [A, Section 6], [EGL, Section 5], [K, Section 8] , [Sc, Section 5], [Z, Section
7] answer Question 5 in the affirmative for several values of the parameters ℓ, ki and rank αi. We
will investigate the general case in future work.
Example 6. The simplest case of Theorem 1 concerns ki = 0 for all i. By the results of [L],
(2) ZKX,N =
∑
n∈Z
qnχvir
(
QuotX(C
N , n),O
)
= 1 ,
and, in general,
ZKX,N,β =
∑
n∈Z
qnχvir
(
QuotX(C
N , β, n),O
)
is rational whenever β is of Seiberg-Witten length N .
Example 7. Let β = 0, and take ℓ = 1, k1 = 1. To illustrate Theorems 1 and 4, we compute
1
(3)
∞∑
n=0
qnχvir(X [n], α[n]) = −rk α ·K2X ·
q2
(1− q)2
− 〈KX , c1(α)〉 ·
q
1− q
.
Here, 〈, 〉 is the intersection pairing on X . For N > 1, we find the surprising identity
(4)
∞∑
n=0
qnχvir(QuotX(C
N , n), α[n]) = N
∞∑
n=0
qnχvir(X [n], α[n]) .
Since the above series vanish for K-trivial surfaces, the following question is natural.
Question 8. What are the corresponding series for the reduced tangent-obstruction theory of Quot
schemes of K3 surfaces?
Example 9. Perhaps the simplest example with β 6= 0 is the case of relatively minimal elliptic
surfaces X → C with β supported on fibers. We have
(5)
∞∑
n=0
qnχvir(QuotX(C
N , β, n), α[n]) = swβ ·
(
−N · 〈KX , c1(α)〉 ·
q
1− q
+ 〈β, c1(α)〉 ·
1
1− q
)
,
where
swβ =
∑
β1+...+βN=β
SW(β1) · · ·SW(βN ) .
The Seiberg-Witten invariants of fiber classes are known by [DKO, Proposition 5.8].
1Non-virtually, we can compare (3) with Proposition 5.6 in [EGL]:
∞∑
n=1
qn−1χ(X[n], α[n]) =
χ(α)
(1− q)χ(OX )
.
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Example 10. For a more complicated example, let X be a minimal surface of general type with
pg > 0, and let β = KX . We find
(6)
∑
n∈Z
qnχvir(QuotX(C
N ,KX , n), α
[n]) = SW(KX) ·
(
−
N
1− q
)K2X ( N∑
i=1
z
−K2X
i · pα(zi)
)
.
Here, z1, . . . , zN are the roots of the equation
zN − q(z − 1)N = 0.
In general, pα is an explicit rational function, but the simplest expressions occur when rank α = 0:
pα(z) = 〈KX , c1(α)〉
(
1− (N + 1)q
1− q
− z
)
.
1.4. Stable pairs. The Quot schemes studied here can be compared to the moduli space of higher
rank stable pairs on surfaces X ,
C
N ⊗OX
s
−→ F, [F ] = β , χ(F ) = n ,
whose virtual fundamental class was constructed in [Lin]. The tautological classes α[n] can be
defined analogously. It is natural to inquire whether the above rationality results still hold.
Increasing the dimension, let X be a smooth projective threefold, and let Pn(X, β) denote the
moduli space of stable pairs
OX
s
−→ F, [F ] = β, χ(F ) = n,
as defined in [PT1]. In cohomology, the series of descendant invariants2
(7)
∑
n∈Z
qn ·
∫
[Pn(X,β)]
vir
chk1(α
[n]
1 ) . . . chkℓ(α
[n]
ℓ )
is conjectured to be rational [MNOP, P, PP1, PP2, PT1, PT2]. Rationality is proven for toric
threefolds in [PP1, PP2] via localization of the virtual class [GP]. The analogous conjecture in
K-theory reads
Conjecture 11. For all integers k1, . . . , kℓ ≥ 0, and K-theory classes α1, . . . , αℓ on a smooth
projective threefold X, the series
ZKX,β(α1, . . . , αℓ | k1, . . . , kℓ) =
∑
n∈Z
qnχvir
(
Pn(X, β),∧
k1α
[n]
1 ⊗ . . .⊗ ∧
kℓα
[n]
ℓ
)
is the Laurent expansion of a rational function in q.
2The descendent series (7) is in a slightly different form than the descendent series in the stable pairs references,
but the rationality of (7) follows from the descendent study in the references by an application of Grothendieck-
Riemann-Roch.
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For stable pairs on threefolds, rationality of the descendent series in cohomology implies 3 the
rationality of Conjecture 11 for K-theory via the virtual Hirzebruch-Riemann-Roch theorem [FG].
Indeed, theK-theoretic invariants can be expressed solely in terms of the Chern characters chk(α
[n])
appearing in the descendent series. The Chern classes of the virtual tangent bundle appearing in
the calculation can be written in terms of descendent invariants in a form which does not depend
on n, see [Sh, Section 3.1]. The result crucially relies on the independence of the virtual dimension
of Pn(X, β) on n.
For Quot schemes of surfaces, the descendent rationality of [JOP] does not obviously imply
Conjecture 3. The virtual dimension of the Quot scheme on a surface grows with n. Therefore,
we cannot bound the degree of the descendent classes appearing in Hirzerbruch-Riemann-Roch
independently of n, and hence the K-theoretic series are not expressed in terms of finitely many
descendent series
(8)
∑
n∈Z
qn ·
∫
[QuotX(CN ,β,n)]
vir
chk1(α
[n]
1 ) . . . chkℓ(α
[n]
ℓ ) c(T
virQuot)
of [JOP]. Nevertheless, we will remark in Section 3 that the methods used in the proof of Theorem
1 also establish rationality of the Quot scheme descendent series for all surfaces with pg > 0,
partially answering Conjecture 2 of [JOP].
1.5. Cobordism. It is natural to inquire whether the rationality results proven in cohomology or
K-theory also hold at the level of virtual cobordism.4 We show that this is not the case:
Theorem 12. The series
ZcobX,β =
∑
n∈Z
qn
[
QuotX(C
1, β, n)
]vir
cob
∈ Ω⋆((q))
is not given by a rational function, in general.
In particular, we show that the virtual Pontryagin series is given by an explicit algebraic irra-
tional function when N = 1 for surfaces with pg > 0. Under the same assumptions, Theorem 17
of Section 2 provides an explicit expression for the cobordism series.
1.6. A virtual Segre/Verlinde correspondence. Let X be a nonsingular projective surface,
and let α ∈ K0(X). Using the usual (non-virtual) geometry of the Hilbert scheme of points, we
3See also [Sm] for a direct approach to the rationality of the 1-leg descendent vertex in K-theory via quasimaps.
4For the parallel theory of stable pairs over 3-folds, both the series of invariants and the series of cobordism
classes [Sh] are conjectured to be rational.
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define Segre and Verlinde series as follows:
SHilbα =
∞∑
n=0
qn
∫
X[n]
s(α[n]) ,
VHilbα =
∞∑
n=0
qn · χ(X [n], detα[n]) .
Precise closed-form expressions for SHilbα and V
Hilb
α are in general difficult to write down, but see
[EGL, Le, MOP1, MOP3, V] for results and conjectures when α has small rank. Nevertheless, in
the absence of explicit expressions, a connection
SHilbα ↔ V
Hilb
α˜
after an explicit change of variables, for pairs (α, α˜) related in an explicit fashion, was proposed
in [J, MOP2]. The resulting Segre/Verlinde correspondence is aligned with the larger conjectural
framework of strange duality. An extension to higher rank moduli spaces of sheaves was announced
in [GK].
In the virtual context, the Segre/Verlinde correspondence takes a simpler form. We define
virtual Segre and Verlinde series 5 by
Sα(q) =
∑
n∈Z
qn
∫
[QuotX (CN ,β,n)]
vir
s(α[n]) ,
Vα(q) =
∑
n∈Z
qn · χvir(QuotX(C
N , β, n), detα[n]) .
The more precise notation SN,α and VN,α also keeps track of the dimension of C
N .
Theorem 13. The virtual Segre and Verlinde series match
SN,α
(
(−1)Nq
)
= VN,α(q)
in the following three cases:
(i) X is a nonsingular projective surface, β = 0, N is arbitrary,
(ii) X is a nonsingular projective surface with pg > 0, N = 1 and β is arbitrary,
(iii) X is a relatively minimal elliptic surface, β is supported on fibers, N is arbitrary.
However, the virtual Segre/Verlinde correspondence does not always hold. The simplest coun-
terexample occurs for minimal surfaces of general type, N = 2 and β = KX , with discrepancy
even at the first few terms.
5By contrast with the series considered in Section 1.3, the Segre/Verlinde series are given by algebraic functions;
see Section 5 for details.
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1.7. Symmetry. For β = 0, we show that the expressions for the Segre series SN,α are symmetric
when the rank r = rk α and the dimension of CN are interchanged.
Theorem 14. Let X be a nonsingular projective surface, and let α, α˜ ∈ K0(X) satisfy
rkα = r, rk α˜ = N ,
〈KX , c1(α)〉
rkα
=
〈KX , c1(α˜)〉
rk α˜
.
Then, the following symmetry holds:
SN,α
(
(−1)Nq
)
= Sr, α˜ ((−1)
rq) .
1.8. The virtual structure sheaf. Our calculations crucially rely on the simpler form of the
virtual fundamental class of Quot schemes for curve classes of Seiberg-Witten length N . When
β = 0, the following result was proven in [OP]. Let C ∈ |KX | be a nonsingular canonical curve,
and let
ι : QuotC(C
N , n) →֒ QuotX(C
N , n)
denote the natural inclusion. Then, the virtual class localizes on the canonical curve:
(9)
[
QuotX(C
N , n)
]vir
= (−1)nι⋆
[
QuotC(C
N , n)
]
.
We provide a similar expression for the virtual structure sheaf. Let Θ = NC/X denote the theta
characteristic. Write
Dn = p
⋆ det
(
Θ[n]
)
for the pullback via the support morphism
p : QuotC(C
N , n)→ C [n], Q 7→ supp Q.
Theorem 15. Assume C ⊂ X is a nonsingular canonical curve. In rational K-theory, the virtual
structure sheaf localizes on the canonical curve
OvirQuotX(CN ,n) = (−1)
n ι⋆Dn .
Furthermore, letting N vir denote the virtual normal bundle of the embedding ι, the sheaf Dn is a
square root of detN vir.
1.9. The 8-fold equivalence. Let X be a nonsingular projective surface with a nonsingular
canonical curve C ⊂ X . Putting together Theorems 13 and 14, we match the following 4 virtual
invariants of Quot schemes of X in the β = 0 case:
(i) the Segre integrals (−1)Nn
∫
[QuotX(CN ,n)]
vir s(α[n])
(ii) the Segre integrals (−1)rn
∫
[QuotX (Cr,n)]
vir s(α˜[n])
(iii) the virtual Verlinde numbers χvir(QuotX(C
N , n), detα[n])
(iv) the virtual Verlinde numbers χvir(QuotX(C
r, n), det α˜[n]).
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virtual SegreQuotX(C
N , n) virtual VerlindeQuotX(C
N , n)
SegreQuotC(C
N , n) Verlinde QuotC(C
N , n)
virtual Segre QuotX(C
r, n) virtual Verlinde QuotX(C
r, n)
SegreQuotC(C
r, n) Verlinde QuotC(C
r, n)
co
se
ct
io
n
Segre/Verlinde
sy
m
m
e
try
sy
m
m
e
try
co
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ion
Segre/Verlinde
sy
m
m
e
try
sy
m
m
e
try
Segre/Verlinde
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se
ct
io
n
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ct
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Segre/Verlinde
Figure 1. The Segre/Verlinde series for curves/surfaces and their symmetry
With the aid of Theorem 15 and equation (9), the same results can be stated over the canonical
curve. For simplicity, let α = L⊕r, α˜ = L⊕N , where L→ C is a line bundle. We match:
(i)′ the Segre integrals (−1)Nn
∫
QuotC(CN ,n)
s(L[n])r
(ii)′ the Segre integrals (−1)rn
∫
QuotC(Cr,n)
s(L[n])N
(iii)′ the twisted Verlinde numbers χ
(
QuotC(C
N , n),
(
detL[n]
)r
⊗Dn
)
(iv)′ the twisted Verlinde numbers χ
(
QuotC(C
r, n),
(
detL[n]
)N
⊗Dn
)
.
The diagram in Figure 1 summarizes the above 8-fold equivalence.
Question 16. Find a geometric interpretation of the above equalities.
It would be satisfying to see (i)′-(iv)′ as solutions to the same enumerative problem. The match
between (iii)′ and (iv)′:
χ
(
QuotC(C
N , n),
(
detL[n]
)r
⊗Dn
)
= χ
(
QuotC(C
r, n),
(
detL[n]
)N
⊗Dn
)
is reminiscent of strange duality for bundles over curves [Be, MO2]. We will investigate these
matters elsewhere.
1.10. Plan of the paper. Section 2 is the most demanding computationally, but it plays a central
role in our arguments. It generalizes the techniques of [JOP, L, OP] and records structural results
for the series of invariants we consider. It also contains a proof of Theorem 12 regarding the
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cobordism series. Section 3 shows the rationality of the K-theoretic series in several contexts:
punctual quotients, curve classes of Seiberg-Witten length N , surfaces with pg = 0, and certain
rank 1 quotients. Section 4 establishes Theorem 15 regarding cosection localization for punctual
quotients. Finally, Section 5 discusses the Segre/Verlinde correspondence and the symmetry of the
Segre/Verlinde series, proving Theorems 13 and 14.
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2. A general calculation and cobordism
2.1. Setup. While our interest here lies foremost in the series which appear in Theorems 1, 4 and
12 and 13, it is useful to work more generally. Let
f(x) ∈ F [[x]]
be an invertible power series with coefficients in a field F . For our purposes, F will be either the
field of complex numbers or the field of rational functions in one or several variables. For a vector
bundle V over a complex projective scheme S, we consider the corresponding genus
f(V ) =
∏
i
f(xi) ∈ H
⋆(S, F ),
where xi are the Chern roots of V . This definition extends multiplicatively to K-theory.
Fix invertible power series
f1, . . . , fℓ, g ∈ F [[x]],
and classes
α1, . . . , αℓ ∈ K
0(X) with rank αs = rs, 1 ≤ s ≤ ℓ.
Consider the general expression
(10) Zf1,...,fℓ,gX,N,β (q |α1, . . . , αℓ) =
∑
n∈Z
qn
∫
[QuotX (CN ,β,n)]vir
f1(α
[n]
1 ) · · · fℓ(α
[n]
ℓ ) · g(T
virQuot).
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As we will see below, the examples in Theorems 1, 4, 12, 13 correspond to
(i) the virtual tautological series: fs(x) = 1 + yse
x and g(x) = x1−e−x ,
(ii) the virtual Verlinde series: f(x) = ex and g(x) = x1−e−x ,
(iii) the virtual Segre series: f(x) = 11+x and g(x) = 1,
(iv) the virtual cobordism class: f(x) = 1 and g arbitrary.
An example covered by (iv), but not considered in further detail here is given by
(v) the virtual elliptic genus: f(x) = 1 and g(x) = x ·
θ( x2πi−z,τ)
θ( x2πi ,τ)
, with θ denoting the Jacobi
theta function.6
2.2. Calculation. To prove the aforementioned theorems, we first compute (10) explicitly for
curve classes β of Seiberg-Witten length N following the strategy of [L, OP, JOP]. The answer
will take the form
Z
f1,...,fℓ,g
X,N,β (q |α1, . . . , αℓ) = q
−β.K
∑
β=β1+···+βN
SW(β1) · . . . · SW(βN )(11)
·
AK2 · ℓ∏
s=1
BK.c1(αs)s ·
N∏
i=1
U
βi.K
i ·
∏
1≤i≤N
1≤s≤ℓ
V
βi.c1(αs)
i,s ·
∏
i<j
W
βi.βj
i,j

for universal series A, Bs, Ui, Vi,s, Wi,j which we explicitly record in equations (14)–(18) below.
We use C⋆-equivariant localization over QuotX(C
N , β, n) with weights
w1, . . . , wN
on the middle term of the exact sequence
0→ S → CN ⊗OX → Q→ 0.
The C⋆-fixed subsheaves split
S =
N⊕
i=1
IZi(−Di), [Di] = βi, length(Zi) = mi
where
β = β1 + . . .+ βN , m = m1 + . . .+mN , m = n+
1
2
N∑
i=1
βi(βi +KX).
6The virtual elliptic genus has interesting automorphic properties for virtual Calabi-Yau manifolds. However,
for N = 1, β = 0, the virtual canonical bundle
Kvir
X[n]
= (det TX[n])∨ ⊗ detObs = (KX)(n) ⊗ det
(
(KX)
[n]
)∨
= E∨
where E is − 1
2
of the exceptional divisor. To get weak Jacobi forms, the modified elliptic genus can be used:
g(x) = x ·
θ
(
x
2pii
− z, τ
)
θ
(
x
2pii
, τ
) · exp(− x
2pii
·
θ′
θ
(z, τ)
)
.
Alternatively, weak Jacobi forms can be obtained by twisting with pure classes coming from the symmetric product;
these pair trivially with Kvir
X[n]
and Theorem 5.4 of [FG] applies.
THE VIRTUAL K-THEORY OF QUOT SCHEMES OF SURFACES 13
Thus, the fixed loci are isomorphic to products of Hilbert schemes of points and curves
F[m,β] = X [m] × Hilbβ(X).
The underline notation is used to denote vectors of integers, curve classes, etc as well as the
products of Hilbert scheme of points, curves etc.
Crucially, the arguments of Section 2 in [L], originally written for the integrals computing the
virtual χy-genus, apply verbatim to the more general expressions (10) considered here. Due to
the connections with the Seiberg-Witten invariants, whenever β is a curve class of Seiberg-Witten
length N , the only nonvanishing contributions come from curve classes satisfying
βi · (KX − βi) = 0.
In this case, the Hilbert schemes of curves Hilbβi carry virtual fundamental classes of dimension
zero and
(12)
[
F[m,β]
]vir
= SW(β1) · · · SW(βN ) ·
[
X [m]
]vir
× [point] .
The virtual class of X [m] is determined by the obstruction bundle
Obs =
∑
i
Obsi, Obsi =
(
(KX − βi)
[mi]
)∨
.
Note that m = n+ β ·KX . The equivariant series ZX,N,β takes the following structure
Z
f,g
X,N,β(q |α) = q
−β.KX
∑
β=β1+···+βN
SW(β1) · · · SW(βN ) · Ẑ
f,g
X,N,(β1,...,βN )
(q, w |α),
where we used the above convention to underline quantities understood as vectors. The last term
in the expression above arises via equivariant localization [GP] and is given by
Ẑ
f,g
X,N,β(q, w |α) =
∑
mi≥0
q
∑
mi
∫
X[m]
ℓ∏
s=1
fs
(
ι⋆α[n]s
)
·
e
g
( N∑
i=1
Obsi
)
·
g
e
(Nvir) · g
( N∑
i=1
TX[mi]
)
where e is the equivariant Euler class and Nvir denotes the virtual normal bundle. Furthermore,
(i) Obsi =
((
K −Di)
[mi]
)∨
,
(ii) Nvir =
∑
i6=j Nij [wj − wi], where Nij = RHomπ(IZi (−Di),O − IZj (−Dj)),
(iii) ι⋆α[n] =
∑N
i=1 α
[mi]
βi
[wi], with α
[mi]
βi
= Rπ∗(Qi ⊗ q∗α) = α(−Di)[mi] + C
χ(α|Di ).
Here Zi denotes the universal subscheme of X [mi] ×X , and the equivariant weights are recorded
within brackets. Furthermore, Di ∈ Hilb
βi
X are any representatives for the point classes appearing
in (12). The integral does not depend on this choice.
The obstruction and normal bundles in (i) and (ii) are lifted from [L, OP]. Item (iii) concerns
the splitting of the tautological sheaves α[n] to the product X [m]. This uses the splitting of the
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universal quotient
Q =
N∑
i=1
Qi[wi], Qi = O −O(−Di)⊗ IZi .
We point out the following notational ambiguity in (iii): the tautogical sheaf α[n] on the left is
restricted from the Quot scheme to the fixed locus, but the tautological sheaves on the right are
over the Hilbert scheme of mi points. The notation α
[mi]
βi
records the twist by the curve class βi
in the universal quotient.
The expresssion Ẑ is a tautological integral over products of Hilbert schemes of points. Using
the arguments of [EGL], it follows that Ẑ admits a multiplicative universal formula
Ẑ
f,g
X,N,(β1,...,βN )
(q, w |α) = AK
2
·
ℓ∏
s=1
BK.c1(αs)s ·
∏
1≤s,t≤ℓ
C
c1(αs).c1(αt)
s,t ·
ℓ∏
s=1
Dc2(αs)s · E
χ(OX)
·
N∏
i=1
U
βi.K
i ·
∏
1≤i≤N
1≤s≤ℓ
V
βi.c1(αs)
i,s ·
∏
1≤i<j≤N
W
βi.βj
i,j .
The above universal series are independent of the choice of surface and curve classes βi, though
they do depend on N, rs, f , g. We omitted the Chern numbers β
2
i because we will only use the
formula for β2i = βi.K.
We next determine relations between the universal series by specializing to simpler geometries.
When β1 = · · · = βN = KX , the obstruction bundle
Obsi =
(
O
[mi]
X
)∨
admits a trivial summand, hence its Euler class vanishes, for all i with mi > 0. The case mi = 0
corresponds to the Hilbert scheme isomorphic to a point, and the only equivariant contributions
come from (iii). Since for Di ∈ |KX | we have
χ(αs|Di) = −rs ·K
2 +K · c1(αs),
the series Ẑ becomes
ℓ∏
s=1
N∏
i=1
(
1
fs(wi)rs
)K2
· fs(wi)
K.c1(αs).
This also equals
AK
2
·
ℓ∏
s=1
BK.c1(αs)s ·
∏
1≤s,t≤ℓ
C
c1(αs).c1(αt)
s,t ·
ℓ∏
s=1
Dc2(αs)s ·E
χ(OX) ·
N∏
i=1
UK
2
i ·
∏
1≤i≤N
1≤s≤ℓ
V
K.c1(αs)
i,s ·
∏
1≤i<j≤N
WK
2
i,j .
By the independence of the Chern numbers, we conclude that
Cs,t = Ds = E = 1.
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Therefore we have
(13) Ẑ
f,g
X,N,(β1,...,βN )
(q, w |α) = AK
2
·
ℓ∏
s=1
BK.c1(αs)s ·
N∏
i=1
U
βi.K
i ·
∏
1≤i≤N
1≤s≤ℓ
V
βi.c1(αs)
i,s ·
∏
1≤i<j≤N
W
βi.βj
i,j .
Next we specialize X to a K3 surface blown up at a point, with exceptional divisor E = KX .
Let I ⊔ J = [N ] be a partition of the set [N ] = {1, . . . , N} into two disjoint parts. Define a vector
of curve classes
EI⊔J = (β1, . . . , βN ) where
{
βi = E, if i ∈ I
βj = 0, if j ∈ J.
By (13), we have
Ẑ
f,g
X,N,EI⊔J
(q, w |α) = A−1 ·
ℓ∏
s=1
BE.c1(αs)s ·
∏
i∈I
U−1i ·
∏
i∈I
1≤s≤ℓ
V
E.c1(αs)
i,s ·
∏
i1<i2
i1,i2∈I
W−1i1,i2 .
By varying the degree ds = E.c1(αs) and the partition I ⊔ J = [N ], we determine all universal
series. In fact, it will be enough to consider the cases when |I| = 0, 1 or 2.
From now on, to ease the notation, we assume ℓ = 1 so that
Ẑ
f,g
X,N,β(q, w |α) =
∑
mi≥0
q
∑
mi
∫
X[m]
f
( N∑
i=1
α
[mi]
βi
[wi]
)
·
e
g
( N∑
i=1
Obsi
)
·
g
e
(Nvir) · g
( N∑
i=1
TX[mi]
)
.
We will make the convention to temporarily denote indices in I, J and [N ] by i, j, and k, respec-
tively. Since
Obsi =
(
(KX − E)
[mi]
)∨
=
(
O
[mi]
X
)∨
if i ∈ I
Obsj =
(
(KX − 0)
[mi]
)∨
=
(
E[mj ]
)∨
if j ∈ J,
all contributions with mi > 0, for some i ∈ I, must vanish. Therefore we assume that mi = 0 for
all i ∈ I. For j ∈ J , the Euler class of
Obsj =
(
E[mj ]
)∨
can be represented up to sign by the Hilbert scheme of mj points on E = P
1:
e(Obsj) = (−1)
mj
[
E[mj ]
]
= (−1)mj [Pmj ] .
We obtain Ẑf,gX,N,EI⊔J
(q, w |α) equals
∑
∀j∈J, mj≥0
(−q)
∑
mj
∫
∏
j
P
mj
ι∗
f( N∑
k=1
α
[mk]
βk
[wk]
)
·
g
e
(Nvir) · g
(∑
j
(
T
X[mj ]
− Obsj
) )
where
ι :
∏
j P
mj →֒
∏
j X
[mj].
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Let d = E.c1(α). From the calculations of [L, OP], Sections 3 and 5 respectively, we have
(i) ι∗α
[mi=0]
βi
[wi] = C
χ(α|E)[wi] = C
r+d[wi],
(ii) ι∗α
[mj ]
βj=0
[wj ] = O(−hj)
⊕rmj [wj ] +
(
O −O(−hj)
)⊕(r+d)
[wj ],
(iii) ι∗(T
X[mj ]
−Obsj) = O(−hj)
⊕mj +O(hj)−O
(iv) ι∗Nvir =
∑
j1 6=j2
(
O(−hj2)
⊕mj2 +O(hj1 )−O(hj1 − hj2)
)
[wj2 − wj1 ]
+
∑
i,j
(
O(−hj)
⊕mj [wj − wi] +O(hj)[wi − wj ]
)
.
Here the hj ’s denote the pullbacks of the hyperplane classes from each of the factors. Integrating
over the projective space means extracting the suitable coefficient of hj ; we denote this operation
by square brackets. After carefully collecting all terms, we obtain that
Ẑ
f,g
X,N,EI⊔J
(q, w |α) =
∑
mj≥0
(−q)
∑
mj
[∏
j∈J h
mj
] ∏
j∈J Φj(hj)
mj ·ΨI⊔J({hj}j∈J)
where
Φj(hj) = (−hj) · f(−hj + wj)
r ·
N∏
k=1
g(−hj + wj − wk)
−hj + wj − wk
ΨI⊔J =
∏
j∈J
hj ·
N∏
k=1
f(wk)
r+d ·
∏
j∈J
1
f(−hj + wj)r+d
·
∏
j∈J
1≤k≤N
g(hj − wj + wk)
hj − wj + wk
·
∏
j1 6=j2
hj1 − wj1 − hj2 + wj2
g(hj1 − wj1 − hj2 + wj2 )
.
We evaluate the above expression via the multivariable Lagrange-Bu¨rmann formula [G]:
Ẑ
f,g
X,N,EI⊔J
(q, w |α) =
ΨI⊔J
KI⊔J
({hj}j∈J)
where
KI⊔J =
∏
j∈J
(
1− hj
d
dhj
logΦj(hj)
)
,
and for variables related by
q =
−hj
Φj(hj)
, hj(q = 0) = 0.
In our case, we obtain
q =
1
f(−hj + wj)r
·
N∏
k=1
−hj + wj − wk
g(−hj + wj − wk)
with hj(q = 0) = 0
and
KI⊔J =
∏
j∈J
hj ·
∏
j∈J
(
r ·
f ′
f
(−hj + wj) +
N∑
k=1
(g′
g
(−hj + wj − wk) +
1
hj − wj + wk
))
.
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Using the additional change of variables
Hj = hj − wj ,
we can simplify this to
Ẑ
f,g
X,N,EI⊔J
(q, w |α) =
N∏
k=1
f(wk)
r+d ·
∏
j∈J
1
f(−Hj)r+d
·
∏
j∈J
1≤k≤N
g(Hj+wk)
Hj+wk
·
∏
j1 6=j2
j1,j2∈J
Hj1−Hj2
g(Hj1−Hj2 )
∏
j∈J
(
r · f
′
f (−Hj) +
N∑
k=1
(
g′
g (−Hj − wk) +
1
Hj+wk
)) ,
where
(14) q =
1
f(−Hj)r
·
N∏
k=1
−Hj − wk
g(−Hj − wk)
with Hj(q = 0) = −wj .
This determines all the universal series by comparing with
Ẑ
f,g
X,N,EI⊔J
(q, w |α) = A−1 · B d ·
∏
i∈I
U−1i ·
∏
i∈I
V di ·
∏
i1<i2
i1,i2∈I
W−1i1,i2 .
First, we find
(15) B =
N∏
k=1
f(wk)
f(−Hk)
, Vi = f(−Hi),
by considering the terms with exponent d and letting I = ∅ or I = {i}. Similarly, we see that
A =
N∏
i=1
f(−Hi)
r
f(wi)r
·
∏
1≤k,i≤N
Hi+wk
g(Hi+wk)
·
∏
i1 6=i2
g(Hi1−Hi2 )
Hi1−Hi2
·(16)
·
N∏
i=1
(
r · f
′
f (−Hi) +
N∑
k=1
(
g′
g (−Hi − wk) +
1
Hi+wk
))
and
Ui =
1
f(−Hi)r
·
N∏
k=1
g(Hi+wk)
Hi+wk
·
∏
i′ 6=i
Hi′−Hi
g(Hi′−Hi)
· Hi−Hi′g(Hi−Hi′ )
(17)
·
(
r · f
′
f (−Hi) +
N∑
k=1
(
g′
g (−Hi − wk) +
1
Hi+wk
))−1
.
by comparing the terms with exponent (−1) and letting I = ∅ or I = {i}. In the above expressions,
the indices i, i′ now range over [N ] because the partition I ⊔ J = [N ] is not involved. Finally,
(18) Wi1,i2 =
g(Hi1 −Hi2)
Hi1 −Hi2
·
g(Hi2 −Hi1)
Hi2 −Hi1
,
by considering I = {i1, i2} for i1 < i2.
When several functions f1, . . . , fℓ are involved, each instance of f gets replaced by product
contributions from each of the fs’s. For instance, the change of variables becomes
q =
ℓ∏
s=1
1
fs(−Hj)rs
·
N∏
k=1
−Hj − wk
g(−Hj − wk)
.
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This also affects the logarithmic derivatives f
′
f accordingly, turning them into sums of ℓ terms.
2.3. Cobordism and the virtual Pontryagin class. As an application of the calculations in
the previous subsection, we consider the virtual cobordism series of the Hilbert scheme of curves
and points:
ZcobX,β =
∑
n∈Z
qn
[
QuotX(C
1, β, n)
]vir
cob
∈ Ω⋆((q)).
For a proper scheme S with a 2-term perfect obstruction theory, virtual cobordism [Sh] is
encoded by all virtual Chern numbers∫
[S]vir
ci1(T
virS) · · · cik(T
virS).
For bookkeeping, we set
g(x) =
∞∑
k=0
ykx
k, y0 = 1,
and note that the virtual cobordism class of S is determined by
[S]vircob =
∫
[S]vir
g(T virS) ∈ C[y0, y1, . . .].
This is consistent with the fact that Ω⋆ is a polynomial ring in infinitely many variables.
For surfaces with pg > 0, the series
ZcobX,β =
∑
n∈Z
qn
∫
[QuotX(C1,β,n)]
vir
g(T virQuotX(C
1, β, n))
can be calculated by letting N = 1 and f = 1 in the formulas of Section 2.2, also setting w = 0 in
the answer. Then,
A = U−1 =
H
g(H)
·
(
g′
g
(−H) +
1
H
)
, B = V = 1
for the change of variables
q =
−H
g(−H)
.
Thus
ZcobX,β(q) = q
−K·β · SW(β) · AK
2−K·β.
It is easy to see that ZcobX,β is not given by a rational function. This fails for instance for the
specialization
y1 = 0, y2 = y, yk = 0 for k ≥ 3 =⇒ g(x) = 1 + yx
2
corresponding to the virtual Pontryagin class. In this case
q =
−H
1 + yH2
, A =
1− yH2
(1 + yH2)2
=⇒ A =
1
2
(
1 +
√
1− 4q2y
)
·
√
1− 4q2y.
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We can however write down a different expression for the cobordism series. The cobordism ring
Ω⋆ is generated by the classes of projective spaces P
0,P1, . . . . Consider the generating series
P =
∞∑
n=0
qn [Pn] ∈ Ω⋆((q)).
More generally, for each ℓ, we consider the projective spaces Pn endowed with the nontrivial ob-
struction theory O(ℓ). When ℓ ≥ 1 this corresponds to the class of a smooth degree ℓ hypersurface.
We denote by [Pn](ℓ) the associated virtual cobordism class and define
Pℓ =
∞∑
n=0
qn [Pn](ℓ) ∈ Ω⋆((q)).
Theorem 17. For surfaces with pg > 0, we have
ZcobX,β = SW(β) · q
−K2 ·
(
−
P−1
P2
)K2−K·β
.
Proof. The series P corresponds under our conventions to
P =
∞∑
n=0
qn
∫
Pn
g(TPn) =
∞∑
n=0
qn
∫
Pn
g(h)n+1 =
∞∑
n=0
qn ·
(
[hn] g(h)n+1
)
=
dh
dq
by Lagrange-Bu¨rmann formula for q = hg(h) . Note that h = −H in the notation used above.
Similarly,
Pℓ =
∞∑
n=0
qn
∫
[Pn](ℓ)
g(T vir [Pn](ℓ)) =
∞∑
n=0
qn
∫
Pn
e(Obs) · g(TPn −Obs)
=
∞∑
n=0
qn
∫
Pn
ℓh ·
g(h)n+1
g(ℓh)
=
∞∑
n=0
qn ·
(
[hn]
ℓh · g(h)
g(ℓh)
· g(h)n
)
=
ℓh
g(ℓh)
·
dh
dq
,
again using Lagrange-Bu¨rmann in the last equality. By direct calculation, we find
A =
−h
g(−h)
·
(
g′
g
(h)−
1
h
)
= −
1
q
·
P−1
P2
,
completing the proof. 
3. Rationality in K-theory and examples
3.1. Overview. We here establish Theorems 1 and 4 using the general calculations of Section 2.2.
In addition, we justify Examples 7, 9 and 10 in the Introduction. Finally, we consider surfaces
with pg = 0, thereby proving Theorem 2, and we discuss a calculation involving rank 1 quotients.
3.2. Rationality. Proof of Theorem 4. The theorem concerns the shifted series
Z =
∑
n∈Z
qn+β·Kχvir(QuotX(C
1, β, n),∧k1α
[n]
1 ⊗ . . .⊗ ∧
kℓα
[n]
ℓ ).
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For formal variables y1, . . . , yℓ, define
Z
†
=
∑
n∈Z
qn+β·Kχvir(QuotX(C
1, β, n),∧y1α
[n]
1 ⊗ · · · ⊗ ∧yℓα
[n]
ℓ ).
Then
Z =
1
k1! . . . kℓ!
·
(
∂
∂y1
)k1
· · ·
(
∂
∂yℓ
)kℓ
Z
†
∣∣∣∣
y=0
.
In the notation of Section 2, the series Z
†
corresponds to functions
fs(x) = 1 + yse
x, 1 ≤ s ≤ ℓ, g(x) =
x
1− e−x
.
This follows by invoking the virtual Hirzebruch-Riemann-Roch theorem [CFK, FG]. For pg > 0,
we write via (11)
Z
†
= SW(β) · AK
2−β·K ·
ℓ∏
s=1
B c1(αs).Ks ·
ℓ∏
s=1
V c1(αs)·βs ,
where we used A = U−1. The change of variables (14) becomes
q = (1− eH)
ℓ∏
s=1
(1 + yse
−H)−rs .
For convenience, set eH = 1− z so that
q = z ·
ℓ∏
s=1
(
1− z
1− z + ys
)rs
.
We regard z as a function of q, y1, . . . , yℓ. From formulas (15)–(17) of Section 2.2 we find
A = U−1 =
ℓ∏
s=1
(
1 +
ys
1− z
)rs
·
ℓ∏
s=1
(1 + ys)
−rs ·
(
ℓ∑
s=1
rs
ys
1 + ys − z
·
−z
1− z
+ 1
)
Bs =
(1 + ys)(1− z)
1 + ys − z
Vs = 1 +
ys
1− z
.
We immediately see that
A
∣∣∣∣
y=0
= Bs
∣∣∣∣
y=0
= Vs
∣∣∣∣
y=0
= 1.
Let us first assume ℓ = 1 for simplicity, also writing y1 = y and r1 = r. Note that z
∣∣∣∣
y=0
= q.
The function z is differentiable in y. We claim that for k ≥ 1, the derivatives take the form
∂kz
∂yk
∣∣∣∣
y=0
=
Pk(q)
(1 − q)2k−1
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for certain polynomials Pk.
7 This can be seen by induction on k starting from the equation
F (y, z) = z ·
(
1− z
1− z + y
)r
= q.
For instance, differentiating once we obtain
∂F
∂y
+
∂F
∂z
·
∂z
∂y
= 0 =⇒
∂z
∂y
∣∣∣∣
y=0
=
rq
1− q
.
The case of arbitrary k is notationally more involved, but it is useful to spell out the details in
order to bound the order of the poles. Key to the argument is the general expression for the kth
derivative of F (y, z) with respect to y. It takes the form∑
C (p |m1, . . . ,mt) ·
(
∂
∂z
)t (
∂
∂y
)p
F ·
∂m1z
∂ym1
· · ·
∂mtz
∂ymt
= 0.
In the above expression, the length of the tuple (m1, . . . ,mt) must equal the number of z derivatives,
namely t, and of course the total number of y derivatives equals
p+m1 + . . .+mt = k.
The derivative ∂
kz
∂yk
appears in the form
∂F
∂z
·
∂kz
∂yk
+ lower order terms = 0.
(The leading coefficient C(0 | k) can be seen to be 1 by induction.) The lower order terms involve
lower derivatives of z with respect to y and derivatives of F . By direct calculation we find ∂F∂z
∣∣∣∣
y=0
=
1 so we can solve for the derivative ∂
kz
∂yk
∣∣∣∣
y=0
in terms of the lower order terms. In fact, using the
explicit expression for F , all derivatives take the form(
∂
∂z
)t (
∂
∂y
)p
F
∣∣∣∣
y=0
=
Fp,t(q)
(1− q)p+t
for certain polynomials Fp,t. Inductively, all terms
∂m1z
∂ym1 · · ·
∂mtz
∂ymt
∣∣∣∣
y=0
are rational functions in q
with pole at q = 1 of order less or equal to (2m1 − 1) + . . . + (2mt − 1). Solving for
∂kz
∂yk
∣∣∣∣
y=0
we
obtain a rational function with pole of order at most
(p+ t) + (2m1 − 1) + . . .+ (2mt − 1) = p+ 2m1 + . . .+ 2mt ≤ 2k − 1.
7A more precise calculation similar to that in Lemma 21 below shows that the derivative equals
(k − 1)!
∞∑
n=1
r
(rn− 1
k − 1
)(n+ k − 2
k − 1
)
qn.
The coefficient of qn is a polynomial in n of degree 2k − 2, from where the claim follows.
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The only exception is p = 0 which requires t ≥ 2 (since t = 1 gives the leading term), but then by
direct calculation (
∂
∂z
)t
F
∣∣∣∣
y=0
= 0.
This completes the proof of the claim.
Now let G(y, z) be one of the factors that appears in the product expressions of A, B, V or their
inverses A−1, B−1, V−1. These terms are fractions in y and z. We claim that
(19)
∂kG
∂yk
∣∣∣∣
y=0
is a rational function in q with pole of order at most 2k at q = 1.
Indeed, the derivative is given by the same formula∑
C (p |m1, . . . ,mt) ·
(
∂
∂z
)t (
∂
∂y
)p
G ·
∂m1z
∂ym1
· · ·
∂mtz
∂ymt
.
In all cases at hand, we can compute (
∂
∂z
)t (
∂
∂y
)p
G
∣∣∣∣
y=0
directly and observe that the answers are rational functions in q with poles of order at most 2p+ t
at q = 1. Thus, at y = 0, the derivative in (19) is rational with poles of order at most
(2p+ t) + (2m1 − 1) + . . .+ (2mt − 1) = 2k.
Property (19) is preserved under taking products. We therefore conclude that Z
†
satisfies (19)
as well. Equivalently, Z is rational in q with pole of order at most 2k at q = 1, as claimed.
Finally, the case ℓ > 1 is similar. The above statements hold true, their proof requiring only
more diligent bookkeeping via multiindices, but no new ideas. 
Proof of Theorem 1. For simplicity, first take ℓ = 1. We seek to prove the rationality of the
series
ZX,N,β(α | k) =
∑
n∈Z
qnχvir
(
QuotX(C
N , β, n),∧kα[n]
)
.
The proof exploits the symmetric structure of the expression (11), and also relies on the rewriting
of the change of variables (14) and of the functions (15) – (18) in terms of rational functions, in
the case at hand.
Specifically, as in the proof of Theorem 4 above, set
Z† =
∑
n∈Z
qnχvir
(
QuotX(C
N , β, n),∧yα
[n]
)
=⇒ Z =
1
k!
∂kZ†
∂yk
∣∣∣∣
y=0
.
For Seiberg-Witten classes β of length N , by (11) we have
Z† = q−β·KX
∑
β1+...+βN=β
SW(β1) · · · SW(βN ) · A
K2 · BK.c1(α) ·
N∏
i=1
U
βi.K
i ·
N∏
i=1
V
βi.c1(α)
i ·
∏
i<j
W
βi.βj
i,j .
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For every decomposition β = β1 + . . .+ βN , we consider the symmetrized expression
C =
1
|Stab|
∑
σ∈SN
N∏
i=1
U
βσ(i).K
i ·
N∏
i=1
V
βσ(i) .c1(α)
i ·
∏
i<j
W
βσ(i).βσ(j)
i,j
where the sum is over the orbit of the symmetric group SN permuting the classes βi. We will drop
the dependence of C on the classes βi for simplicity.
We use the results of Section 2.2 for the functions
f(x) = 1 + yex, g(x) =
x
1− e−x
.
To simplify the formulas, we further set e−Hj = 1− zj, ewk = 1+ tk. The change of variables (14)
becomes
(20) q = (1 + y(1− zj))
−r ·
N∏
k=1
(
−zj − tk
1− zj
)
, zj(0) = −tj .
We record
A =
N∏
i=1
(
1 + y(1− zi)
1 + y(1 + ti)
)r
·
∏
1≤i,k≤N
zi + tk
1 + tk
·
∏
i6=j
1− zj
zi − zj
·
N∏
i=1
(
r ·
y(1− zi)
1 + y(1− zi)
+
N∑
k=1
1 + tk
zi + tk
)
B =
N∏
i=1
1 + y(1 + ti)
1 + y(1− zi)
Ui =
1
(1 + y(1− zi))r
·
N∏
k=1
1 + tk
zi + tk
·
∏
i′ 6=i
(
zi − zi′
1− zi′
·
zi′ − zi
1− zi
)
·
(
r ·
y(1− zi)
1 + y(1− zi)
+
N∑
k=1
1 + tk
zi + tk
)−1
Vi = 1 + y(1− zi)
Wi1,i2 =
1− zi1
zi2 − zi1
·
1− zi2
zi1 − zi2
.
To show that
Z =
1
k!
∂kZ†
∂yk
∣∣∣∣
y=0, t=0
is a rational function in q, it suffices to show that the derivatives
(21)
∂kA
∂yk
∣∣∣∣
y=0, t=0
,
∂kB
∂yk
∣∣∣∣
y=0, t=0
,
∂kC
∂yk
∣∣∣∣
y=0, t=0
,
have the same property. We do not have closed form expressions for these derivatives, but a
qualitative argument suffices.
Property (21) is in fact valid for any rational function R in the {zi}, {tk} and y, which is
symmetric in the z’s. The functions A,B,C are of this type. This is clear for A and B from the
explicit expressions, and it also holds for C because we sum over the orbit of the SN -action.
The assertion above was proven in [JOP], Section 2.2, and we only indicate the main points.
Indeed, R
∣∣∣∣
y=0, t=0
is a rational function in q since it can be expressed in terms of the elementary
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symmetric functions in the zi’s. These symmetric functions are continuous in y and t. At y =
0, t = 0, they are rational functions in q since the change of variables becomes
zN = q(z − 1)N .
The derivative
∂R
∂y
=
N∑
i=1
∂R
∂zi
·
∂zi
∂y
+ ∂yR
is also given by a rational function in {zi}, {tk} and y, symmetric in the {zi}’s. The second term
∂yR is calculated keeping z fixed, and is symmetric in the z’s since R is. By implicit differentiation
F (y, z, t) = (1 + y(1− z))−r ·
N∏
k=1
−z − tk
1− z
= q =⇒
∂z
∂y
= S(y, z, t)
for an explicit rational function S. Using that R is symmetric and the formula for the implicit
derivatives, it follows that transposing zi and zj turns
∂R
∂zi
into
∂R
∂zj
and
∂zi
∂y
into
∂zj
∂y
.
Since we sum over all i’s, ∂R∂y is symmetric in the zi’s.
Inductively, it follows that all higher derivatives of ∂
k
R
∂yk are rational functions of {zi}, {tk} and
y, symmetric in the {zi}. Their values
∂kR
∂yk
∣∣∣∣
y=0, t=0
are therefore rational in q.
Finally, introducing additional formal variables y1, . . . , yℓ and running the argument above, we
obtain the rationality of the series∑
n∈Z
qnχvir
(
QuotX(C
N , β, n),∧k1α
[n]
1 ⊗ . . .⊗ ∧
kℓα
[n]
ℓ
)
. 
Remark 18. The same arguments prove the rationality of the generating series of descendent
invariants defined in [JOP], for all curve classes β of Seiberg-Witten length N . This partially
confirms Conjecture 2 in the work cited.
3.3. Examples. Equations (3) and (4) in the Introduction are obtained by executing the above
proof in more precise detail. We continue to use the notation
Z =
∑
n∈Z
qnχvir
(
QuotX(C
N , n), α[n]
)
, Z† =
∑
n∈Z
qnχvir
(
QuotX(C
N , n),∧yα
[n]
)
.
We have
Z =
∂Z†
∂y
∣∣∣∣
y=0
, Z† = AK
2
· Bc1(α).K .
The functions A,B were recorded in the proof of Theorem 1. We claim that
(i) A
∣∣∣∣
y=0, t=0
= B
∣∣∣∣
y=0, t=0
= 1
(ii) ∂A∂y
∣∣∣∣
y=0, t=0
= −Nr · q
2
(1−q)2 ,
∂B
∂y
∣∣∣∣
y=0, t=0
= −N · q1−q .
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From here, (3) and (4) follow immediately since
Z =
∂Z†
∂y
∣∣∣∣
y=0
=
∂
∂y
(
AK
2
· Bc1(α).K
) ∣∣∣∣
y=0
= −Nr ·K2 ·
q2
(1 − q)2
−N · (c1(α) ·K) ·
q
1− q
.
Item (i) is clear due to equation (2). This can also be seen directly by setting
y = 0, t = 0
in the explicit formulas. The fact that these substitutions make sense is a consequence of the
arguments in Section 2.2 of [JOP]: the elementary symmetric functions in the roots z1, . . . , zN are
continuous in the parameters. When y = 0, t = 0, the equation giving the change of variables
becomes
zN − q(z − 1)N = 0
with roots zi. It is then clear that B
∣∣∣∣
y=0, t=0
= 1 and
A
∣∣∣∣
y=0, t=0
=
N∏
i=1
zNi ·
∏
i6=j
1− zj
zi − zj
·
N∏
i=1
N
zi
= 1.
Item (ii) is similar. It is more convenient to work with the logarithmic derivative. Set B† = logB.
Using (i), we have
∂B
∂y
∣∣∣∣
y=0, t=0
=
∂B†
∂y
∣∣∣∣
y=0, t=0
=
N∑
i=1
∂
∂y
(log(1 + y)− log(1 + y(1− zi)))
∣∣∣∣
y=0
=
N∑
i=1
zi = −N ·
q
1− q
.
We record here that
(22)
N∑
i=1
zi = −N
q
1− q
,
∑
i<j
zizj = −
(
N
2
)
q
1− q
.
The calculation involving A is slightly more involved and requires the implicit derivatives
∂zi
∂y
∣∣∣∣
y=0, t=0
=
r
N
zi(1− zi)
2.
These are found by differentiating (20). Writing A† = logA, we obtain
∂A
∂y
∣∣∣∣
y=0, t=0
=
∂A†
∂y
∣∣∣∣
y=0, t=0
=
N∑
i=1
∂A†
∂zi
∣∣∣∣
y=0, t=0
·
∂zi
∂y
∣∣∣∣
y=0, t=0
+
∂A†
∂y
∣∣∣∣
y=0, t=0
.
The last y-derivative is understood as keeping the z’s fixed. The answer is symmetric in the z’s
and setting y = t = 0 is therefore allowed. Direct calculation gives
∂A†
∂y
∣∣∣∣
y=0, t=0
= −r
N∑
i=1
zi +
r
N
N∑
i=1
zi(1− zi) = −Nr ·
q2
(1− q)2
.
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Similarly, the following sum is also symmetric in the roots, and by direct computation we find
N∑
i=1
∂A†
∂zi
∣∣∣∣
y=0, t=0
·
∂zi
∂y
∣∣∣∣
y=0, t=0
=
r
N
·
N∑
i=1
∂A†
∂zi
∣∣∣∣
y=0, t=0
· zi(1− zi)
2
=
r
N
(N − 1)∑
i
zi − 2
∑
i<j
zizj
 = 0,
using (22). This completes the argument.
Finally, equations (5) and (6) of the Introduction require not only the series A, B studied in
(i)–(ii), but also Ui, Vi and their first derivatives. For rank α = 0, we find
(iii) Ui
∣∣∣∣
y=0, t=0
= − Nq1−q ·
1
zi
, Vi
∣∣∣∣
y=0, t=0
= 1
(iv) ∂Ui∂y
∣∣∣∣
y=0, t=0
= 0, ∂Vi∂y
∣∣∣∣
y=0, t=0
= 1− zi.
The expressions in Examples 9 and 10 in the Introduction follow by substituting (i) – (iv) in (11).
Items (i) – (iv) and equation (18) suffice to treat all classes β = ℓKX for 0 ≤ ℓ ≤ N , but the
formulas are more cumbersome.
3.4. Surfaces with pg = 0. We next give a proof of Theorem 2. Let X be a simply connected
surface with pg = 0 and set N = 1. We show that the shifted series
Z = q
1
2β(β+KX) ·
∑
n∈Z
qnχvir
(
QuotX(C
1, β, n), α[n]
)
is given by a rational function with poles only at q = 1. This case reduces to the calculation of
Riemann-Roch numbers of tautological sheaves over the (non-virtual) Hilbert scheme of points.
We have the following identification
QuotX(C
1, β, n) ≃ X [m] × P
where P = |β| and m = n+ β(β+KX)2 . When pg = 0, the obstruction bundle was found in [OP]:
Obs = H1(β) ⊗ ζ +
(
M [m]
)∨
⊗ ζ,
where ζ = OP(1) denotes the tautological bundle, and M = KX − β. Thus
OvirQuot = ∧−1Obs
∨ =
(
∧−1ζ
−1
)h1(β)
⊗ ∧−1
(
M [m] ⊗ ζ−1
)
.
The term
∧−1ζ
−1 = O − ζ−1
is supported on hyperplanes, and its powers can be used to cut down the dimension of the projective
space. Hence
OvirQuot = ι⋆ ∧−1
(
M [m] ⊗ ζ−1
)
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is supported on X [m] × P(V ) where
dimV = h0(β)− h1(β) = χ(β) = ν + 1, assuming ν ≥ 0.
We used here that h2(β) = 0 by Serre duality, combined with the fact that β is effective and
pg = 0. In consequence, for an arbitrary class γ, we have
χvir
(
QuotX(C
1, β, n), γ
)
= χ
(
X [m] × P(V ), ∧−1
(
M [m] ⊗ ζ−1
)
⊗ γ
)
=
m∑
k=0
(−1)kχ
(
X [m] × P(V ), ∧kM [m] ⊗ ζ−k ⊗ γ
)
.
Under the identification of the Quot scheme with X [m] × P, the tautological classes take the form
α
[n]
Quot
= χ(α) · O − χ(α˜) · ζ−1 + α˜
[m]
Hilb
⊗ ζ−1
where α˜ = α⊗O(−β); see [JOP], Section 3.2. As a result, we write
Z = Z1 + Z2 + Z3
where
Z1 = χ(α) ·
∞∑
m=0
qm
m∑
k=0
(−1)kχ
(
X [m] × P(V ), ∧kM [m] ⊗ ζ−k
)
Z2 = −χ(α˜) ·
∞∑
m=0
qm
m∑
k=0
(−1)kχ
(
X [m] × P(V ), ∧kM [m] ⊗ ζ−k−1
)
Z3 =
∞∑
m=0
qm
m∑
k=0
(−1)kχ
(
X [m] × P(V ), ∧kM [m] ⊗ α˜[m] ⊗ ζ−k−1
)
.
All three series yield rational functions. The first two series require Theorem 5.2.1 in [Sc] or
Corollary 6.1 in [A]:
χ
(
X [m], ∧kM [m]
)
=
(
m− k + χ(OX)− 1
m− k
)
·
(
χ(M)
k
)
=
(
ν + 1
k
)
using that in our case χ(OX) = 1. Thus
Z1 = χ(α) ·
∞∑
m=0
qm
m∑
k=0
(−1)kχ
(
X [m], ∧kM [m]
)
· χ
(
P(V ), ζ−k
)
= χ(α) ·
∞∑
m=0
qm ·
m∑
k=0
(−1)k
(
ν + 1
k
)
·
(
−k + ν
ν
)
= χ(α) · (1 + q + . . .+ qν) .
The last evaluation follows by examining the nonzero binomial contributions k = 0 and k = ν + 1
in the sum above. In a similar fashion, we find
Z2 = −χ(α˜) · (ν + 1) · q
ν .
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Regarding the third sum, we note
Z3 =
∞∑
m=0
qm
m∑
k=0
(−1)kχ
(
X [m] × P(V ), ∧kM [m] ⊗ α˜[m] ⊗ ζ−k−1
)
=
∞∑
m=0
qm
m∑
k=0
(−1)kχ
(
X [m],∧kM [m] ⊗ α˜[m]
)
·
(
ν − k − 1
ν
)
.
We require the following:
Proposition 19. For all nonsingular surfaces X, line bundles M → X, and K-theory classes α˜
on X, we have
(23) W =
∞∑
m=0
qmχ
(
X [m],∧ yM
[m] ⊗ α˜[m]
)
= q ·
(1 + qy)χ(M)
(1− q)χ(OX )
· χ
(
X,
∧ yM
∧ qyM
⊗ α˜
)
.
To prove rationality of Z3, note that
Z3 =
1
ν!
·
∂νW
∂yν
∣∣∣∣
y=−1
.
We examine the derivatives of each term in the product (23). For instance, for ν ≥ 1, we have
∂ν
∂yν
χ
(
X,
∧ yM
∧ qyM
⊗ α˜
) ∣∣∣∣
y=−1
= (−1)ν−1 ν! qν−1(1− q) · χ
(
X,
Mν
(1 − qM)ν+1
⊗ α˜
)
.
Expanding using the binomial theorem, we arrive at the expression
(−1)ν−1 ν! qν−1(1− q) ·
∞∑
k=0
(−q)k ·
(
−ν − 1
k
)
· χ(X, Mν+k ⊗ α˜).
By Hirzebruch-Riemann-Roch, the Euler characteristics χ(X, Mν+k ⊗ α˜) depend polynomially on
k, and the same is true about the binomial prefactors. Thus, the answer is a rational function in
q with possible pole only at q = 1.
The interested reader can compute Z3 explicitly by following the above method, substituting
χ(M) = χ(β) = ν + 1 and χ(OX) = 1. For example, when ν ≥ 2, after cancellations, we obtain
Z3 = q
ν · (−χ(M−1 ⊗ α˜) + (ν + 1) · χ(α˜))
so that
(24) Z = χ(α) · (1 + q + . . .+ qν)− χ(K−1 ⊗ α) · qν .
The answers for ν = 0 or 1 have poles at q = 1 of order at most 2; we do not record them here. 
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Proof 8 of Proposition 19. Since both sides are additive in α˜, it suffices to assume α˜ is a line
bundle. Consider the more general expression
W† =
∞∑
n=0
qnχ
(
X [n],∧ yM
[n] ⊗ Sym z α˜
[n]
)
.
We show that
W† =
(1 + qy)χ(M)
(1− q)χ(OX )
·
(
1 + qzχ
(
X,
∧ yM
∧ qyM
⊗ α˜
)
+ . . .
)
,
where the omitted terms have order at least 2 in z. The Proposition follows from here by extracting
the z-coefficient. Note that the z-constant term
W†
∣∣∣∣
z=0
=
∞∑
n=0
qnχ
(
X [n],∧ yM
[n]
)
=
(1 + qy)χ(M)
(1− q)χ(OX )
is indeed correct by [A, Sc], and was already used above. Consequently, we only need to confirm
the asymptotics of the normalized expression
(25) W⋆ =
W†
W†
∣∣
z=0
?
= 1 + qzχ
(
X,
∧ yM
∧ qyM
⊗ α˜
)
+ . . . .
By the universality results of [EGL], it suffices to establish (25) for toric surfaces X . Via
equivariant localization in K-theory, we reduce to the case of equivariant X = C2. These steps are
standard, and the interested reader can find more details in a similar context in [A, EGL].
Let the torus C⋆ × C⋆ act on C2 with weights t1, t2, which we write multiplicatively. The
line bundles M and α˜ are trivial, but they carry possibly nontrivial equivariant weights m and a
respectively. The equivariant version of (25) becomes
W⋆ = 1 + qz ·
a
(1− t−11 )(1 − t
−1
2 )
·
1 + ym
1 + qym
+ . . . .
The torus fixed points of the Hilbert scheme
(
C2
)[n]
are standardly known to correspond to mono-
mial ideals; these are indexed by partitions λ of n. We note the equivariant restrictions of the
tautological bundles to the fixed points
M [n]
∣∣∣∣
λ
=
∑
(b1,b2)∈λ
mt−b11 t
−b2
2 , α
[n]
∣∣∣∣
λ
=
∑
(b1,b2)∈λ
a t−b11 t
−b2
2 ,
as well as the character of the tangent space
Tλ
(
C
2
)[n]
=
∑
∈λ
(
t
−ℓ()
1 t
a()+1
2 + t
ℓ()+1
1 t
−a()
2
)
.
The equivariant sum
W† =
∞∑
n=0
qnχ
((
C
2
)[n]
,∧ yM
[n] ⊗ Sym z α˜
[n]
)
8This also follows from [Z], equation (194) by setting u = −y, v = 0 in the corresponding formulas. In [Z], the last
term is claimed to be χ(X, α˜). There is however a substitution oversight on the previous page just above equation
(192). When the correct values of u, v are used, the above expression naturally appears. For the convenience of the
reader, we decided to include an independent argument here.
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thus takes the form
W† =
∑
λ
q|λ|
∧−1T∨λ
·
∏
(b1,b2)∈λ
1 + ym t−b11 t
−b2
2
1− za t−b11 t
−b2
2
.
It is more convenient to introduce the following modified expression
F(q, u, v) =
∑
λ
q|λ|
∧−1T∨λ
·
∏
(b1,b2)∈λ
1− utb11 t
b2
2
v − tb11 t
b2
2
.
Then
W† = F
(
−qym,−
1
ym
, za
)
, W⋆ =
F
(
−qym,− 1ym , za
)
F
(
−qym,− 1ym , 0
) .
Crucially for our arguments, F admits the following (q, v)-symmetry
F(q, u, v)
F(q, u, 0)
=
F(v, u, q)
F(v, u, 0)
.
This is contained in Theorem 1.2 of [A], and is proven via localization over the Donaldson-Thomas
moduli space of Calabi-Yau toric threefolds. The symmetry greatly simplifies our calculation: by
switching parameters, we only need to find the contribution of the Hilbert scheme of one point.
Specifically, we have
W⋆ =
F
(
−qym,− 1ym , za
)
F
(
−qym,− 1ym , 0
) = F
(
za,− 1ym ,−qym
)
F
(
za,− 1ym , 0
) .
From the definitions, we see that
F
(
za,−
1
ym
,−qym
)
= 1 +
za
(1− t−11 )(1− t
−1
2 )
·
1 + 1ym
−qym− 1
+ h.o.t in z,
F
(
za,−
1
ym
, 0
)
= 1−
za
(1− t−11 )(1 − t
−1
2 )
·
(
1 +
1
ym
)
+ h.o.t in z,
from where the equivariant version of (25) follows at once. 
3.5. Rank 1 quotients. We end this section with a calculation involving rank 1 quotients. Let
X be a nonsingular projective surface with pg = 0. Let Quotn parametrize short exact sequences
(26) 0→ S → C2 ⊗OX → Q→ 0
where
rk Q = 1, c1(Q) = 0, χ(Q) = n+ χ(OX).
It was shown in [OP, Sch] that Quotn admits a virtual fundamental class of dimension
vd = χ(OX)
whenever pg = 0. We write χ = χ(OX) = 1 − h1(OX) for simplicity. We must have 0 ≤ χ ≤ 1
in order to obtain non-zero invariants. As an application of our computations in Section 3.2, we
show
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Proposition 20. The series
Z =
∞∑
n=0
qnχvir(Quotn,O)
is the Laurent expansion of a rational function in q.
The method of proof is well-suited to handle twists by tautological sheaves as well. It is natural
to inquire whether the Proposition can be generalized to higher N and higher rank quotients Q,
and to include curve classes β 6= 0. These questions are more difficult and we will address them
elsewhere.
Proof. We let the torus C⋆ act with weights w1, w2 on the middle term of the sequence (26). Set
w = w2 − w1 for simplicity. There are two fixed point loci
F± = X [n]
corresponding to exact sequences
0→ S = IZ → OX [w1] +OX [w2]→ Q = OZ +OX → 0
where length(Z) = n. The ± decorations correspond to the inclusion of the subsheaf S into the
first or second trivial summands respectively. The fixed part of the tangent-obstruction theory is
T virF± = Ext•X(IZ ,OZ) = TX
[n] −Obs = TX [n] −
(
K [n]
)∨
.
Here Z is the universal subscheme. Thus, the fixed locus F± = X [n] comes equipped with the
virtual fundamental class we studied above. Similarly, the virtual normal bundles carry weights
±w and are given by
N± = Ext•X(IZ ,OX) = Ext
•
X(OX −OZ ,OX) = C
χ ⊗O − Ext•X(OZ ,OX)
= Cχ ⊗O −
(
K [n]
)∨
,
using Serre duality in the last step. In particular, for y = e−w, we have
1
∧−1N+∨
=
∧−1
(
K [n][−w]
)
(∧−1C[−w])
χ =
(
1
1− y
)χ
·
(∑
k
(−1)k ∧k K [n]yk
)
=
∧−yK [n]
(1− y)χ
and similarly
1
∧−1N−∨
=
∧−y−1 K
[n]
(1− y−1)χ
.
By virtual localization in K-theory [FG, Q], we find
χvir(Quotn,O) = χ
vir
(
F+,
1
∧−1N+∨
)
+ χvir
(
F−,
1
∧−1N−∨
)
=
1
(1− y)χ
· χvir
(
X [n],∧−yK
[n]
)
+
1
(1− y−1)χ
· χvir
(
X [n],∧−y−1 K
[n]
) ∣∣∣∣
y=1
.
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Expressions of this form were studied in Section 3.2. In particular, from the formulas for the
functions A and B immediately following equation (20), we find
∞∑
n=0
qnχvir
(
X [n],∧−yK
[n]
)
=
(
1− y + yu2
1− y + yu
)K2
where u is the solution of the equation
−q =
u
1− u
·
1
1− y + yu
, u(q = 0) = 0.
To evaluate the second term, we similarly solve the equation
−q =
v
1− v
·
1
1− y−1 + y−1v
, v(q = 0) = 0.
Therefore,
Z =
∞∑
n=0
qnχvir(Quotn,O)
=
1
(1− y)χ
·
(
1− y + yu2
1− y + yu
)K2
+
1
(1− y−1)χ
·
(
1− y−1 + y−1v2
1− y−1 + y−1v
)K2 ∣∣∣∣
y=1
.
In order to cancel the poles at y = 1 in the above expression, we record the following:
Lemma 21. We have
u = (1− y) ·
−q
1 + q
+ (1− y)2 ·
−q2(2 + q)
(1 + q)3
+O
(
(1− y)3
)
v = (1 − y) ·
q
1 + q
+ (1− y)2 ·
q
(1 + q)3
+O
(
(1− y)3
)
.
Proof. We only give the details of the first expansion. We could derive this directly by implicit
differentiation as in Section 3.2, but a different and slightly stronger argument will be given instead.
(The same ideas can be used to give a different proof of Theorem 4.) We change variables 1−y = t,
so that
−q =
u
1− u
·
1
t+ (1− t)u
.
We claim that the implicit solution takes the form
(27) u(q, t) =
∑
n≥1,k≥1
an,k q
ntk
where
an,k =
(−1)n+k+1
n
(
n+ k
k − 1
)(
n
k
)
.
The Lemma follows since
an,1 = (−1)
n, an,2 = (−1)
n+1 ·
(n− 1)(n+ 2)
2
,
and
∞∑
n=1
an,1 q
n =
−q
1 + q
,
∞∑
n=1
an,2 q
n = −
q2(2 + q)
(1 + q)3
.
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Expansion (27) uses Lagrange inversion for implicit functions [So], Theorem 3.6. Specifically, let
G(u, q, t) = −q(1− u)(t+ (1− t)u)
so that we implicitly solve G(u, q, t) = u. Therefore,
u(q, t) =
∑
n≥1,k≥1
an,kq
ntk
where
an,k =
∑
m
1
m
[zm−1 qn tk]G(z, q, t)m
=
∑
m
1
m
[zm−1 qn tk] (−1)m qm (1 − z)m (t+ (1− t)z)m
=
(−1)n
n
[zn−1 tk] (1− z)n (t+ (1− t)z)n
=
(−1)n
n
[zn−1 tk] (1− z)n(z + t(1− z))n
=
(−1)n
n
(
n
k
)
[zn−1] (1 − z)n zn−k (1− z)k
=
(−1)n
n
(
n
k
)
[zk−1](1 − z)n+k =
(−1)n+k+1
n
(
n
k
)(
n+ k
k − 1
)
.

Using Lemma 21, we find that
u
1− y
=
−q
1 + q
+ (1 − y) ·
−q2(2 + q)
(1 + q)3
+O
(
(1− y)2
)
,
and from here we derive
1− y + yu2
1− y + yu
=
1+ yu
2
1−y
1 + yu1−y
= (1 + q)
(
1− (1 − y) ·
q(1− q)
(1 + q)2
+O
(
(1− y)2
))
.
A similar argument shows
1− y−1 + y−1v2
1− y−1 + y−1v
= (1 + q) ·
(
1 + (1 − y) ·
q(1 − q)
(1 + q)2
+O
(
(1− y)2
))
.
The Proposition follows from here. For instance, when χ = 0, corresponding to surfaces of irregu-
larity 1, we immediately obtain
Z = 2(1 + q)K
2
.
For regular surfaces, we have χ = 1. In this case, we need to consider the linear terms in 1− y as
well, yielding
Z =
(1 + q)K
2
1− y
(
1−K2(1 − y)
q(1− q)
(1 + q)2
)
+
(1 + q)K
2
1− y−1
(
1 +K2(1 − y)
q(1− q)
(1 + q)2
) ∣∣∣∣
y=1
= (1 + q)K
2
·
(
1− 2K2 ·
q(1− q)
(1 + q)2
)
.
This completes the proof. 
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4. K-theoretic cosection localization
To complement the explicit calculations of Section 3, we now discuss the virtual structure sheaf
of Quot schemes with β = 0, giving a proof of Theorem 15.
As in the Introduction, assume C ⊂ X is a nonsingular canonical curve, and let Θ = NC/X =
ι⋆KX denote the theta characteristic. Let
ι : QuotC(C
N , n) →֒ QuotX(C
N , n)
be the natural inclusion. We show that the virtual structure sheaf of QuotX(C
N , n) localizes on
the curve C:
(28) OvirQuotX (CN ,n) = (−1)
n ι⋆Dn
where we set
Dn → QuotC(C
N , n), Dn = detRπ⋆(Θ⊗ detQ)
∨.
Along the way, we also prove that
(29) D⊗2n = detN
vir
where N vir stands for the virtual normal bundle of the embedding ι.
To align (28) with the statement of Theorem 15 given in the Introduction, consider the support
map
p : QuotC(C
N , n)→ C [n], Q 7→ supp Q.
We have
Dn = p
⋆ det
(
Θ[n]
)
.
Indeed, for Z ⊂ C × C [n] denoting the universal subscheme, over C [n] we establish that
detRπ⋆(Θ⊗O(Z))
∨ = detRπ⋆(Θ ⊗OZ).
This follows by relative duality, the fact that Θ is a theta characteristic, and the ideal exact
sequence for Z:
detRπ⋆(Θ⊗O(Z))
∨ = detRπ⋆(Θ ⊗O(−Z))
∨ = detRπ⋆(Θ⊗OZ).
Example 22. For N = 1, equation (28) states
OvirX[n] = (−1)
nι⋆ detΘ
[n],
for ι : C [n] →֒ X [n]. This is indeed correct since Obs =
(
(KX)
[n]
)∨
as noted in [OP], and we have
OvirX[n] = ∧−1Obs
∨ = (−1)n ∧n Obs∨ ⊗ ∧−1Obs(30)
= (−1)n det(KX)
[n] ⊗ ι⋆OC[n]
= (−1)nι⋆ detΘ
[n].
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Here, we used the Koszul resolution
∧•
(
(KX)
[n]
)∨
→ OC[n]
of the canonical section s[n] cutting out ι : C [n] →֒ X [n], where s defines ι : C →֒ X. Furthermore,
it was shown in [OP] that
N vir = Θ[n] −
(
Θ[n]
)∨
,
thereby confirming equation (29):
detN vir =
(
detΘ[n]
)2
.
Proof of Theorem 15. We justify equations (28) and (29). For simplicity, we write QuotC and
QuotX for the two Quot schemes. We let SC ,SX denote the two universal subsheaves, and let Q
be universal quotient for QuotC . We begin by noting that
N vir = ι⋆T virQuotX − TQuotC
= Ext•X(SX ,Q)− Ext
•
C(SC ,Q)
= −Ext•X(Q,Q) + Ext
•
C(Q,Q)
= Ext•C(Q,Q⊗Θ).
The third equality follows by expressing the universal subsheaves in terms of the universal quotient
in K-theory. The last identity follows from the exact sequence
. . .→ ExtiC(Q,Q)→ Ext
i
X(Q,Q)→ Ext
i−1
C (Q,Q⊗Θ)→ . . .
proven, for instance, in [T, Lemma 3.42].
For future reference, over QuotC(C
N , n), we set
Un = detN
vir = detExt•C(Q,Q⊗Θ).
We show first that
(31) OvirQuotX (CN ,n) = (−1)
n ι⋆ U
1/2
n
where the right hand side is only well-defined up to 2-torsion.
To this end, we apply C⋆-equivariant localization to both Quot schemes over C and X using
the same weights w1, . . . , wN for the two torus actions. The fixed loci are
FC [n1, . . . , nN ] = C
[n1] × · · · × C [nN ] , FX [n1, . . . , nN ] = X
[n1] × · · · ×X [nN ]
where n1 + . . .+ nN = n. There is a natural embedding
ι : FC [n1, . . . , nN ] →֒ FX [n1, . . . , nN ].
36 ARBESFELD, JOHNSON, LIM, OPREA, AND PANDHARIPANDE
In the localization argument below, we will match contributions coming from the two fixed loci
corresponding to the same values of n1, . . . , nN . For simplicity, we drop the ni’s from the notation,
writing FC and FX for the fixed loci. We let
jC : FC → QuotC , jX : FX → QuotX
denote the natural inclusions. We also write NC and NX for the virtual normal bundles.
The proof of (31) requires several steps. By the virtual localization theorem in K-theory [Q],
we have
OvirQuotX =
∑
(jX)⋆
OvirFX
∧−1N∨X
OQuotC =
∑
(jC)⋆
OFC
∧−1N∨C
.
In particular, from the second expression, we find
(−1)nι⋆ U
1/2
n =
∑
(−1)nι⋆(jC)⋆
j⋆C U
1/2
n
∧−1N∨C
=
∑
(−1)n(jX)⋆ ι⋆
j⋆C U
1/2
n
∧−1N∨C
.
To prove (31), it suffices to establish
(32)
OvirFX
∧−1N∨X
= (−1)nι⋆
j⋆C U
1/2
n
∧−1N∨C
.
We compute the virtual structure sheaf on the left. The obstruction theory of the fixed locus
FX = X
[n1] × · · · ×X [nN ] splits as
Obs = ⊕Ni=1Obsi, Obsi =
(
K
[ni]
X
)∨
.
Thus, using (30), we find
(33) OvirFX = ∧−1Obs
∨ = ⊗Ni=1 ∧−1 Obs
∨
i = ι⋆
(
⊗Ni=1(−1)
ni detΘ[ni]
)
.
To prove (32), we show
(34)
⊗Ni=1 detΘ
[ni]
ι⋆ ∧−1 N∨X
=
j⋆C U
1/2
n
∧−1N∨C
.
Next, we note that over the fixed locus FC , the quotient takes the form
Q = OZ1 + . . .+OZN .
Thus the equivariant restriction becomes
(35) j⋆C Un = detExt
•
C
(
N∑
i=1
OZi ,
N∑
i=1
OZi ⊗Θ
)
.
Both sides carry weight 0.
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Lemma 34 in [OP] gives the difference
(36) ι⋆NX − NC =
⊕
i<j
Vij
where we define
Vij = Ext
•
C(OZi ,OZj ⊗Θ)[wj − wi]⊕ Ext
•
C(OZj ,OZi ⊗Θ)[wi − wj ].
We noted in [OP] that by Serre duality and the fact that Θ is a theta characteristic, we have
Vij = Uij + U
∨
ij [−1]
where
Uij = Ext
•
C(OZi ,OZj ⊗Θ)[wj − wi].
Observe that
rank Uij = 0.
In general, if V = U+ U∨[−1] we have
(37)
1
∧−1V∨
= (−1)rk U detU.
To see this, note that since both sides are multiplicative, we may assume U is an equivariant line
bundle L. We then need to show
1
∧−1 (L∨ − L)
= −L ⇐⇒ ∧−1L = − ∧−1 L
∨ · L
which is correct.
From (36) and (37) we find
(38)
1
ι⋆ ∧−1 N∨X
=
1
∧−1N∨C
·
∏
i<j
1
∧−1V∨ij
=
1
∧−1N∨C
· det
∑
i<j
Uij
 .
Comparing (35) and (38) with (34), we need to show
(39) ⊗i detΘ
[ni] ⊗ det
∑
i<j
Uij
 = det(Ext•C
(
N∑
i=1
OZi ,
N∑
i=1
OZi ⊗Θ
))1/2
.
All terms above carry zero weights. A priori, the bundles Uij carry weights wj −wi, but the ranks
are equal to 0, so the weights cancel after taking determinants.
To establish (39) we extend the definition of Uij to include the case i = j:
Uii = Ext
•
C(OZi ,OZi ⊗Θ).
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By Serre duality, we have
detUii = det
(
Ext0C(OZi ,OZi ⊗Θ)− Ext
1
C(OZi ,OZi ⊗Θ)
)
= det
(
Ext0C(OZi ,OZi ⊗Θ)− Ext
0
C(OZi ,OZi ⊗Θ)
∨
)
= detExt0C(OZi ,OZi ⊗Θ)
⊗2 = detExt0C(OC ,OZi ⊗Θ)
⊗2
= detΘ[ni]
⊗2
.
The ideal exact sequence for Zi was used on the third line. We already noted above that as a
consequence of Serre duality Uij ≃ U∨ji[1], hence
detUij = detUji.
Therefore
⊗i detΘ
[ni] ⊗ det
∑
i<j
Uij
 = det
 ∑
1≤i,j≤N
Uij
1/2 = det(Ext•C
(
N∑
i=1
OZi ,
N∑
i=1
OZi ⊗Θ
))1/2
.
This confirms (39), and equation (31) along with it.
Finally, recall that
Dn, Un → QuotC(C
N , n), Dn = detRπ⋆(detQ⊗Θ)
∨, Un = detExt
•
C(Q,Q⊗Θ).
We show that
D⊗2n = Un.
If in the expression for Un we replace Q by detQ−O, we obtain
U˜n = detExt
•
C(detQ−O, detQ⊗Θ−Θ)
= det (Rπ⋆(detQ⊗Θ))
∨ ⊗ detRπ⋆(detQ
∨ ⊗Θ)∨
= det (Rπ⋆(detQ⊗Θ))
∨⊗2
= D⊗2n ,
where Serre duality was used in the last line. It remains to show that Un ≃ U˜n. Write
∆ = (detQ−O)−Q,
and note that
U˜n = Un ⊗ det Ext
•
C(∆,∆⊗Θ)⊗ detExt
•
C(∆,Q⊗Θ)⊗ detExt
•
C(Q,∆⊗Θ).
With respect to the codimension filtration in K-theory, ∆ has pieces of degree 2 or higher, and
Q has pieces of degree 1 or higher. It follows that the last three Ext’s above are supported in
codimension 2, hence their determinants are trivial. This completes the argument. 
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5. The Segre/Verlinde correspondence and symmetry
5.1. Overview. We study here the virtual Verlinde and Segre series
Vα(q) =
∞∑
n=0
qn · χvir(QuotX(C
N , β, n), detα[n])
Sα(q) =
∞∑
n=0
qn
∫
[QuotX(CN ,β,n)]
vir
s(α[n]).
We establish the Segre/Verlinde correspondence of Theorem 13. For β = 0, we prove the symmetry
of the Segre/Verlinde series with respect to N and r = rank α, as stated in Theorem 14.
5.2. The Verlinde Series. The virtual Verlinde series corresponds to the function Zf,gX,N,β(α) of
Section 2 for
f(x) = ex, g(x) =
x
1− e−x
.
This is a consequence of the virtual Hirzebruch-Riemann-Roch theorem [CFK, FG]. In particular,
f ′
f
(x) = 1,
g(x)
x
=
1
1− e−x
,
g′
g
(−x) +
1
x
=
1
1− e−x
.
We can simultaneously simplify the universal series and the change of variables by setting
(40) eHi = 1− H˜i and e
−wk = 1 + w˜k,
so that equation (14) becomes
q =
(
1− H˜i
)r
·
N∏
k=1
H˜i + w˜k
1 + w˜k
with H˜i(q = 0) = −w˜i.
Using (15) – (18), we obtain the explicit expressions
A =
N∏
i=1
(
1− H˜i
1 + w˜i
)−r
·
∏
k,i
H˜i + w˜k
−(1− H˜i)
·
∏
i1 6=i2
1− H˜i1
H˜i2 − H˜i1
·
N∏
i=1
(
r −
N∑
k=1
1− H˜i
H˜i + w˜k
)
B =
N∏
i=1
1− H˜i
1 + w˜i
Ui =
(
1− H˜i
)r
·
N∏
k=1
−(1− H˜i)
H˜i + w˜k
·
∏
i′ 6=i
(
H˜i′ − H˜i
1− H˜i
·
H˜i − H˜i′
1− H˜i′
)
·
(
r −
N∑
k=1
1− H˜i
H˜i + w˜k
)−1
Vi =
1
1− H˜i
Wi1,i2 =
1− H˜i1
H˜i2 − H˜i1
·
1− H˜i2
H˜i1 − H˜i2
.
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5.3. The Segre Series. To obtain the virtual Segre series, we consider the functions
f˜(x) =
1
1 + x
, g˜(x) = 1.
In particular,
f˜ ′
f˜
(x) = −
1
1 + x
,
g˜
x
=
1
x
,
g˜′
g˜
(−x) = 0.
We write w˜1, . . . , w˜N for the weights used in the corresponding localization computation. Via
equations (14) – (18), we find the universal series
A˜ =
N∏
i=1
(
1− H˜i
1 + w˜i
)−r
·
∏
k,i
(H˜i + w˜k) ·
∏
i1 6=i2
1
H˜i1 − H˜i2
·
N∏
i=1
(
r ·
−1
1− H˜i
+
N∑
k=1
1
H˜i + w˜k
)
B˜ =
N∏
i=1
1− H˜i
1 + w˜i
U˜i =
(
1− H˜i
)r
·
N∏
k=1
1
H˜i + w˜k
·
∏
i′ 6=i
(
H˜i′ − H˜i
)(
H˜i − H˜i′
)
·
(
r ·
−1
1− H˜i
+
∑
k
1
H˜i + w˜k
)−1
V˜i =
1
1− H˜i
W˜i1,i2 =
1
H˜i1 − H˜i2
·
1
H˜i2 − H˜i1
after the change of variables
q˜ =
(
1− H˜i)
r ·
N∏
k=1
(
− H˜i − w˜k
)
with H˜i(q = 0) = −w˜i.
5.4. Comparison. We show the Segre and Verlinde series match9 for the following geometries
(i) X is smooth projective, β = 0, N is arbitrary,
(ii) X is smooth projective with pg > 0, N = 1 and β is arbitrary,
(iii) X is a relatively minimal elliptic surface, β is supported on fibers, N is arbitrary.
Proof of Theorem 13. We begin by rewriting the Segre series as
S†α(q) =
∞∑
n=0
qn
∫
[QuotX (CN ,β,n)]
vir
s
(
α[n] −
(
C
N
)⊕n)
.
This does not change the original nonequivariant expression. Equivariantly, we use the lift of the
trivial bundle CN with weights w˜1, . . . , w˜N . Assuming that the torus weights w1, . . . , wN on the
Verlinde side and the torus weights w˜1, . . . , w˜N on the Segre side are connected by (40), we show
that equivariantly
Vα(q) = S
†
α((−1)
Nq).
Theorem 13 follows from here.
9There are other quadruples (f, g, f˜ , g˜) for which the corresponding series of invariants match as well, but their
geometric interpretation is less clear.
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We begin by analyzing the series Vα and Sα. By the calculations in Sections 5.2 and 5.3, the
following universal series match exactly on both series:
A = A˜, B = B˜, Vi = V˜i
when evaluated at the variables q and q˜ related by
(41)
q
q˜
= (−1)N ·
N∏
k=1
1
1 + w˜k
.
However, the remaining universal series no longer match precisely. In fact,
Ui
U˜i
= (−1)N−1 ·
∏
i′ 6=i
1
1− H˜i′
Wi1,i2
W˜i1,i2
= (1− H˜i1)(1 − H˜i2).
The geometries (i)–(iii) prevent these terms from taking effect: in cases (i) and (iii) they appear
with exponent 0, while in case (ii) only U makes sense and in this case we do obtain a perfect
match. Thus, for (i)–(iii), we obtain via (11) the equivariant identity
Vα(q) = Sα(q˜)
where
q
q˜
= (−1)N ·
N∏
k=1
1
1 + w˜k
.
We can absorb the difference in the variables by working with S†α instead. Recall the lift of the
trivial bundle CN with weights w˜1, . . . , w˜N . This affects each individual summand in S
†
α by the
factor
(1 + w˜1)
n · · · (1 + w˜N )
n so that Sα
(
q ·
N∏
k=1
(1 + w˜k)
)
= S†α(q).
The claimed equality follows
Vα(q) = S
†
α((−1)
Nq).

Example 23. When N = 1 and for rank α = r, we have
(42)
∞∑
n=0
qn · χvir(X [n], detα[n]) = (1− t)c1(α)·KX ·
(
1− t(r + 1)
(1− t)r+1
)K2X
for q = t(1 − t)r. This is a consequence of Theorem 13 and [MOP2, Theorem 2] giving the Segre
series. Thus, the theorems in Section 1.3 do not extend to the highest exterior powers and to the
Verlinde series which are typically given by algebraic functions.
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Rationality does occur however in the special case when rank α = 0 (also for rank α = −1), so
that detα[n] agrees with the pullback from the symmetric power (detα)(n) . Then,
(43)
∞∑
n=0
qn · χvir(X [n], detα[n]) = (1− q)−χ
vir(X,α) = (1− q)c1(α)·KX .
By (30), we have
OvirX[n] =
n∑
k=0
(−1)k ∧k (KX)
[n] .
The computation (43) is thus aligned with Theorem 5.2.1 in [Sc] which gives the individual coho-
mology groups
H⋆(X [n], (detα)(n) ⊗ ∧
k(KX)
[n]) = ∧kH⋆(detα⊗KX)⊗ Sym
n−kH⋆(detα) .
5.5. Symmetry. We now prove Theorem 14 giving the symmetry of the Segre/Verlinde series
when β = 0. We pick two classes α and α˜ such that
rk α = r, rk α˜ = N,
c1(α) ·K
rk α
=
c1(α˜) ·K
rk α˜
= µ.
We show
SN,α((−1)
Nq) = Sr, α˜((−1)
rq).
For clarity, we change the notation from the previous subsections, writing
SN,α((−1)
Nq) =
∞∑
n=0
(
(−1)Nq
)n ∫
[QuotX (CN ,n)]
vir
s(α[n]) = MK
2
· Nµ
where
M =
N∏
i=1
(
r ·
−1
1−Hi
+
N∑
k=1
1
Hi + wk
)
·
N∏
i=1
(
1−Hi
1 + wi
)−r
·
∏
1≤i, k≤N
(Hi + wk) ·
∏
i1 6=i2
1
Hi1 −Hi2
N =
N∏
i=1
(
1−Hi
1 + wi
)r
for
(44) q =
(
1−Hi)
r ·
N∏
k=1
(
Hi + wk
)
, Hi(q = 0) = −wi.
In a similar fashion,
Sr, α˜((−1)
rq) =
∞∑
n=0
((−1)rq)n
∫
[QuotX(Cr ,n)]
vir
s(α˜[n]) = M˜K
2
· N˜µ
where
M˜ =
r∏
j=1
(
N ·
−1
1− H˜j
+
r∑
k=1
1
H˜j + w˜k
)
·
r∏
j=1
(
1− H˜j
1 + w˜j
)−N
·
∏
1≤j, k≤r
(H˜j + w˜k) ·
∏
j1 6=j2
1
H˜j1 − H˜j2
N˜ =
r∏
i=1
(
1− H˜j
1 + w˜j
)N
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for
q =
(
1− H˜j)
N ·
r∏
k=1
(
H˜j + w˜k
)
, H˜j(q = 0) = −w˜j .
Two sets of weights w = (w1, . . . , wN ) and w˜ = (w˜1, . . . , w˜r) are used on the two different Quot
schemes in the localization computation. We will show that
M
∣∣∣∣
w=0
= M˜
∣∣∣∣
w˜=0
, N
∣∣∣∣
w=0
= N˜
∣∣∣∣
w˜=0
.
In fact, we argue that the limit is found by setting w = 0 directly in the above equations. In other
words
M
∣∣∣∣
w=0
= M⋆, N
∣∣∣∣
w=0
= N⋆
where
M⋆ =
N∏
i=1
(
r ·
−1
1−Hi
+
N
Hi
)
·
N∏
i=1
(1−Hi)
−r ·
N∏
i=1
HNi ·
∏
i1 6=i2
1
Hi1 −Hi2
N⋆ =
N∏
i=1
(1−Hi)
r,
and H1, . . . , HN are the roots
10 of the equation
q = (1−H)r ·HN
that vanish at q = 0. These roots are given by formal Puiseux series in the variable q
1
N . To justify
the limit, note that expressions M and N are symmetric in the H ’s, so they can be recast in terms
of the elementary symmetric functions. The assertion follows from the following:
Claim: The elementary symmetric functions of the solutions H1, . . . , HN of (44) are continuous
as functions of w at w = 0.
We will justify this shortly. In a similar fashion, in the limit, M˜ and N˜ become
M˜⋆ =
r∏
j=1
(
N ·
−1
1− H˜j
+
r
H˜j
)
·
r∏
j=1
(
1− H˜j
)−N
·
r∏
j=1
H˜rj ·
∏
j1 6=j2
1
H˜j1 − H˜j2
N˜⋆ =
r∏
j=1
(1− H˜j)
N
where H˜1, . . . , H˜r are the roots of q = (1− H˜)N · H˜r that vanish at q = 0.
We show
M⋆ = M˜⋆, N⋆ = N˜⋆.
Let
f(z) = zN (1− z)r − q.
10By slight abuse, we do not introduce new notation for the roots of the equation obtained by setting w = 0.
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We note that f(z) = 0 has r +N roots namely
H1, . . . , HN , 1− H˜1, . . . , 1− H˜r.
Thus
f(z) =
N∏
i=1
(z −Hi) ·
r∏
j=1
(1− z − H˜j).
Using the equations, we can rewrite
N˜⋆ =
r∏
j=1
q
H˜rj
=⇒
N⋆
N˜⋆
= q−r
N∏
i=1
(1−Hi)
r ·
r∏
j=1
H˜rj = q
−rf(1)r(−1)r = 1 =⇒ N∗ = N˜∗.
The computation for the remaining series is similar. We first note
f ′(z) = zN(1− z)r ·
(
−r
1− z
+
N
z
)
.
From here, we find
M⋆N⋆
2 =
N∏
i=1
(
r ·
−1
1−Hi
+
N
Hi
)
·
N∏
i=1
(1−Hi)
r ·
N∏
i=1
HNi ·
∏
i1 6=i2
1
Hi1 −Hi2
=
N∏
i=1
f ′(Hi) ·
∏
i1 6=i2
1
Hi1 −Hi2
=
∏
1≤i≤N,1≤j≤r
(1−Hi − H˜j) = M˜
⋆N˜⋆
2
.
This shows M⋆ = M˜⋆, completing the proof of Theorem 14.
Proof of the Claim: The proof is a modification of the argument of Section 2.2 of [JOP] which
does not apply directly here. We work over the ring A = C(w)[[q]] of formal power series whose
coefficients are rational functions in w. For simplicity, set
P(z) = (1− z)r, Q(z) =
N∏
k=1
(z + wk),
and write
P(z) = (−1)r
(
zr + p1z
r−1 + . . .+ pr
)
, Q(z) = zN + q1z
N−1 + . . .+ qN .
By assumption, H1, . . . , HN ∈ A are the power series solutions of
P(H) · Q(H)− q = 0, Hi(q = 0) = −wi.
Let ei ∈ A be the ith elementary symmetric function in H1, . . . , HN times (−1)i, and note that
from the initial conditions, we have at q = 0:
ei(0) = qi.
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We factor in A[z]:
P(z) ·Q(z)− q = (−1)r ·
N∏
k=1
(z −Hk) ·
(
zr + f1z
r−1 + . . .+ fr
)
(45)
= (−1)r · (zN + e1z
N−1 + . . .+ eN ) ·
(
zr + f1z
r−1 + . . .+ fr
)
.
Setting q = 0, we find
P(z) ·Q(z) = (−1)r ·
∏
k=1
(z −Hk(0)) ·
(
zr + f1(0)z
r−1 + . . .+ fr(0)
)
.
From the initial conditions Hk(0) = −wk, we obtain
fj(0) = pj .
We use the convention e0 = f0 = 1.
We show by induction on m that the coefficients of qm in ei and fj are rational functions in w
whose denominators are powers of
∆ =
N∏
k=1
P(−wk).
Since P(0) 6= 0, the substitution w = 0 is therefore allowed, completing the proof of the Claim.
The base case m = 0 is a consequence of the above remarks. For the inductive step, write
ei = qi + q
m+1e
(m+1)
i + other terms, fj = pj + q
m+1f
(m+1)
j + other terms.
The omitted terms correspond to powers of q with exponent between 1 and m, or greater than
m+ 1. From (45), we see that
[qm+1]
∑
i+j=k
eifj = [q
m+1zN+r−k] (−1)r (P(z)Q(z)− q) = 0 or (−1)r+1.
On the other hand, by direct computation
[qm+1]
∑
i+j=k
eifj =
∑
i+j=k
pje
(m+1)
i + qif
(m+1)
j + other terms.
By the inductive hypothesis, we obtain that∑
i+j=k
pje
(m+1)
i + qif
(m+1)
j = ck
where ck is a rational function in w whose denominator is a power of ∆ for 1 ≤ k ≤ N + r. We
regard the above equations as a linear system in
e
(m+1)
1 , . . . , e
(m+1)
N , f
(m+1)
1 , . . . , f
(m+1)
r
which we solve in terms of the ck’s by Cramer’s rule. To complete the inductive step, we show that
the determinant of the matrix of coefficients equals ∆. Indeed, the matrix of coefficients has entries
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equal to pj or qi, and zero elsewhere. This is in fact the Sylvester matrix of the two polynomials
(−1)rP, Q, and its determinant is therefore the resultant
∆ = Res ((−1)rP,Q) =
N∏
k=1
P(−wk).

Example 24. The match between expressions (i)-(iv) and (i)′-(iv)′ in Section 1.9 is established
by combining Theorems 13, 14, 15. Here, we offer an analogy with the projective space. Indeed,
the following identity can be seen as the most basic instance of the Segre/Verlinde correspondence
(46) (−1)k
∫
Pk
s(OPk(1))
r+1 = χ(Pk,OPk(r)),
while the simplest rank-section symmetry, when formulated on the Verlinde side, is
χ(Pk,O(r)) = χ(Pr,O(k)).
In fact the above statements correspond precisely to the case n = 1, β = 0, N arbitrary, so
that our results can be interpreted as possible extensions to arbitrary n. Note that
QuotX(C
N , 1) = X × PN−1
in such a fashion that (x, ζ) ∈ X × PN−1 corresponds to the quotient CN
ζ
→ C→ Cx → 0. Since
Q = O∆ ⊠OPN−1(1)
over X ×X × PN−1, we compute
Ext•(S,Q) = TX + TPN−1 −K∨X =⇒ Obs = K
∨
X
and
α[1] = α ⊠ OPN−1(1) =⇒ detα
[1] = detα ⊠ OPN−1(r).
Thus the Verlinde number is
χvir(QuotX(C
N , 1), detα[1]) = χvir(X, detα) · χ(PN−1,OPN−1(r)).
On the Segre side, we find∫
[QuotX(CN ,1)]
vir
s(α[1]) =
∫
X×PN−1
e(K∨X) · s (α⊠OPN−1(1))
= −
(∫
X
e(K∨X) · c1(α)
)
·
∫
PN−1
s(OPN−1(1))
r+1
= −χvir(X, detα) ·
∫
PN−1
s(OPN−1(1))
r+1.
Equation (46) confirms Theorem 13 in this case. We invite the reader to check that all vertices of
the cube in Section 1.9 match precisely.
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